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Abstract

We investigate certain properties of degenerate Feller processes that
are killed when exiting a relatively compact set. Our main result pro-
vides general conditions ensuring that such a process possesses a (pos-
sibly non unique) quasi stationary distribution. Conditions ensuring
uniqueness and exponential convergence are discussed. The results are
applied to stochastic differential equations.
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1 Introduction

The purpose of this paper is to investigate certain properties of (possi-
bly degenerate) Feller processes that are killed when exiting a relatively
compact set.

To give the flavor of the kind of results that will be proved here,
consider a stochastic differential equation on M = R",

dX; = S°(Xp)dt + > §9(Xy) 0 dB], (1)
j=1

where o refers to the Stratonovich stochastic integral, $°, 87,7 =1,...,m
are smooth vector fields on M and B',..., B™ m independent Brown-
ian motions. As usual, the law of (X¢);>0 when X¢ = x is denoted P,.
For z,y € M and A C M, we write (z,y) = >y Ty, ||z]| = \/(z, z)
and d(z, A) = infyea ||z — y||.

Let D C M be an open connected set with compact closure K = D
and boundary 0D = K\ D. We assume that 0D is regular (or, according
to a usual terminology, satisfies the exterior sphere condition) in the
following sense. For all p € 0D, there exists a (possibly non unique)
unit vector v (i.e ||v]| = 1) and r > 0 such that

dp+rv,K)=r.
Such a v is called a unit outward normal vector at p.

Remark 1 Let p € 9D and U C R” be an open neighborhood of p.
If 90D N U is C?, there is a unique unit outward normal vector at p. If
DNU is convex, there is a (possibly non unique) unit outward normal
vector at p. If D C R? is a nonconvex polygon and p € 9D is a vertex
at which the interior angle is > m, there is no unit outward normal at

p.

Associated to (1) is the Stroock and Varadhan deterministic control
System:

g(t) = S°y() + ) ul (857 (y(t) (2)
j=1

where the control function u = (u',...,u™) : Ry +— R™, can be
chosen to be piecewise continuous. Given such a control function,
we let y(u,z,-) denote the maximal solution to (2) starting from x
(i.e y(u,z,0) =x).



Let z € R® and U C R"be an open set. We say that U is accessible
from x if there exists a control u and ¢ > 0 such that y(u,x,t) € U.
If in addition, y(u,z,s) € D for all 0 < s < ¢, (in which case x € D
and U N D # 0) we say that U is D-accessible from x. By abuse of
language, we say that a point y is accessible (respectively D-accessible)
from z provided every neighborhood U of y is accessible (respectively
D-accessible) from z.

We let

% =inf{t >0: X, € M \ D}.

Theorem 1 Consider the following conditions:
(i) The outside set M \ K is accessible from all x € K;
(ii) (Boundary conditions)

(a) For every p € 0D, there exists an outward unit normal vector
v at p, such that

m

> (S (p),0)* #0;
i=1
(b) For some ¢ > 0, the set D. = {x € D : d(x,0D) > €} is
D-accessible from all x € D\ D..

Then, under condition (i), Py(%" < o) for all x € D and under
conditions (1), (i), there exists a probability measure p on D such that

Pu(Xe € 75" > t) = u(). (3)

A probability measure p satisfying (3) is called a Quasi-Stationary
Distribution (QSD) [16].

Remark 2 Simple criteria ensuring conditions () and (i) — (b) in
Theorem 1 will be discussed in Section 3 (Propositions 14 and 16). In
particular, Proposition 16 has the following useful consequence:

If OD is C2, then condition (ii) — (a) implies condition (ii) — (b).

If the SDE (1) enjoys certain hypoellipticity properties, more can be
said. Given a family S of smooth vector fields on M and k£ € N, we let
[S]i denote the set of vector fields recursively defined by [S]p = S, and

[S]k—i-l = [8]k U {[Y7 Z] Y, Z e [S}k}

where [Y, Z] stands for the Lie bracket of Y and Z. Set [S] = Ug[S]k
and [S](z) ={Y(z) : Y € [S]}.



We shall say here that point z* € M satisfies the weak Hérmander con-
dition (respectively the Hormander condition, respectively the strong
Hérmander condition) if [{S°, ..., S™}](x*) (respectively

(SY (@), ..., S (&N U{[Y, Z)(z*) : Y, Z € [{S°,..., 8™},

respectively

[{SY, ..., S™}(z%)

spans R”.

Theorem 2 Assume that:

(i) Conditions (i), (it) — (a) of Theorem 1 hold;

(ii) The weak Hormander condition is satisfied at every point x € K
(iii) Every y € D is D-accessible from every x € D.

Then the QSD  is unique. Its topological support equals K and it has
a smooth density with respect to the Lebesque measure.

Suppose furthermore that there exists a point x* € D at which the
weak Hormander condition is strengthened to the Hérmander condition.
Then there exist o« > 0, C € (0,+00) and a continuous function h :
D —]0, 0o[ with h(z) — 0, as © — 90D, satisfying p(h) = 1, such that
for all p € M1(D) (the set of probability measures over D),

C —
IPp(X¢ € |75 > 1) = pu()llry < ——<e™

p(h)

where || - |7y stands for the total variation distance.

Corollary 3 Assume that the condition (ii) — (a) of Theorem 1 holds,
and that the strong Hormander condition 1s satisfied at every point
x € K. Then, the conclusions of Theorem 2 holds and the density of p
is positive on D.

Proof: Let, for e > 0, ¥°(z,u,-) be defined like y(x,u,-) when S°
is replaced by £S°. By Chow’s theorem [5] (see also [18]), the strong
Hormander condition implies that for all z,y € D there exists a con-
trol u piecewise continuous with u’(s) € {—1,0,1} and ¢ > 0 such that
y°(z,u,s) € D for all 0 < s < t and y°(x,u,t) = y. By continuity
(or a simple application of Gronwall’s lemma), ¥°(x,u,-) — y°(z,u, )

u(s)

uniformly on [0,t] as ¢ — 0. Let u®(s) = —=. Then y*(z,u,s) =

y(z,u®,es). This proves that y is D-accessible from z. Because the




strong Hormander condition also holds in a neighborhood of K, the
same proof also shows that for y in a neighborhood of K and z € K, y
is accessible from x. The conditions, hence the conclusions, of Theorem
1 are then satisfied. Positivity of % is proved in Lemma 22. O

Remark 3 The results above extend easily to the situation where M
is a n-dimensional manifold, provided 9D is a C? sub-manifold.

Remark 4 The recent paper [9] considers QSDs and their proper-
ties under the assumption that the underlying process is strong-Feller.
Quasi-stationarity for degenerate strong-Feller diffusion processes have
also been the focus of interest in the recent literature (|9, 15, 20]).
Observe that none of the conditions of Theorem 1, neither the weak
Hoérmander condition assumed in Theorem 2 imply that the SDE (1)
is strong Feller. However, we will see that our assumptions imply that
the SDE is Feller.

Example 1 Suppose M is the cylinder, M = R/Z x R. Let m = 1,
S%(z,y) = 8, and S*(z,y) = 9.

Let D = R/Zx]0, 1[. Here the conditions of Theorem 2, are easily seen
to be satisfied. However, the process is not strong Feller (the dynamics
in the z-variable being deterministic). It is not hard to check that the
unique QSD is the measure

p(dzdy) = 2

sin(7

)1 )y (4)
Example 2 (Example 1, continued) Let M and D be like in Ex-
ample 1, m =1,

So(x7y) = a’(y)az‘ and Sl(x7y) = ay7

where a is a smooth function > 1. Like in example 1, the unique QSD
w is given by (4). Suppose that a'(y*) # 0 for some 0 < y* < 1.
Then the Hérmander condition holds at (z,y*), so that by Theorem 2,
(Py(X; € |78 > t));>0 converges at an exponential rate to p.

Remark 5 In absence of condition (#7¢) in Theorem 2, there is no
guarantee that the QSD is unique. Still every QSD has a smooth
density (see Lemma 22).



Example 3 Let M =R and D =]0,5]. We consider smooth functions
ol 02 ¥l 2 D — [0,1] such that ¢! + 2 = 1 and

Ploa =1 Pl S L s =0,
Plos =0 Pliag <1 Pz =1
¢|110,2] =1,0< wllm[ <1, ¢|1[3’5[ =0,
wﬁom =0,0< uﬁm[ <1, wﬁw =1

For all @ > 0, we consider the absorbed diffusion process X% evolving
according to the It6 SDE

X7 = (H(X7) + Vag® (XP) dBy + (1 (X) + oy (X)) dt.

and absorbed when it reaches 9D = {0,5}. While X satisfies the
conditions (i) and (ii) of Theorem 2, it does not satisfy condition (iii)
and it admits either one or two QSDs, depending on the value of a.
Indeed, as shown in [3], there exists o, > 0 such that

e for all @ €]0,a], X* admits a unique QSD supported by [3, 5],

e for all a €]ag, +oo[, X admits exactly two QSDs, supported
respectively by [3,5] and [0, 5].

Outline The rest of the paper is organized as follows. Section 2 sets
up the notation and proves the main results: a general existence result
(Theorem 7), a uniqueness criterion (Theorem 10) and a convergence
theorem (Theorem 12). These results are used in Section 3 to prove
the Theorems 1 and 2 stated in the introduction.

2 Killed processes

Throughout, we let M denote a separable and locally compact metric
space, and D C M a nonempty set with compact closure K = D, such
that D is relatively open in K. That is D = O N K for some open set
OcCM.

We let (P)¢>0 denote a Markov Feller semi-group on M. By this,
we mean (as usual) that (P;)¢>0 is a semi-group of Markov operators on
Co(M) (the space of continuous functions on M vanishing at infinity)
and that P, f(z) — f(z) ast — O for all f € Cy(M). Observe that since
we are interested by the behavior of the process killed outside K, the
behavior of (P;)¢>0 at infinity is irrelevant (and the reader can think of
M as compact without loss of generality).



By classical results (see e.g Le Gall [14], Theorem 6.15), there exist
a filtered space (Q,F, (F;)) with (F;) right continuous and complete,
a family of probabilities (Py)zens on (€2, F) and a continuous time
adapted process (X¢) on (2, F, (F;)) taking values in M, such that:

(i) (X:) has cad-lag paths,
(ii) Py(Xop=z) =1 and,

(iii) (X:) is a Markov process with semigroup (P;), meaning that

Eo (f (Xe1s)[Fr) = Psf(Xt)

for all t,s > 0 and f measurable bounded (or > 0).
For any Borel set A C M we let 74 = inf{t > 0 : X; € A} and

74" = Typa- The assumptions on (F;) (right continuous and complete)

out

imply that 74 and 74* are stopping times with respect to (F;) (see
e.g Bass [1]).

Remark 6 For X =z € D, 7% < 72" but it is not true in general
that 78 = 794, Consider for example the ode on R? given by

i=1
y=0

D={(z,y) eR* ~ 1<z <1,-1<y<2’}.

Let

For —1 < z < 0 and y = 0 the trajectory (x(¢),y(t)) = (x + t,0)
starting at (z,0) leaves D at time —x and K at time —x + 1.

An open set U C M is said accessible from x € M if there exists t > 0
such that Pi(z,U) = Ply(z) > 0. A point y is said accessible from
x € M if every open neighborhood U of y is accessible from z.

We shall assume throughout the following standing assumption.

Hypothesis 1 For all x € K, M \ K is accessible from x.

Proposition 4 There exist positive constants C, A such that

P, (t8 > t) < Ce

for all x € K. In particular 79" < 0o, and hence T3 < oo, P, almost

surely for all x € K.



Proof: By Feller continuity and Portmanteau theorem, for all ¢ > 0,
the set Oy = {x € M : P,(z,U) > 0} is open (possibly empty). By
assumption, the family {O; : t € RT} covers K, so that, by compact-
ness, there exist ¢1,...,%, such that K C U0y, In particular, for
some § > 0 and ¢t = max{ty,...,tn} Pu(ry > t) < (1—90) for all z € K.
Thus, by the Markov property, P, (ry > kt) < (1 — 6)*. This proves
the result. O

2.1 Green kernel and QSDs

Let B(D) denote the set of bounded measurable functions f : D — R.
For all f € B(D),z € D and t > 0 set

PP F(@) = Bal(f(X0)Logpesy)

By Proposition 4, (PP);>0 is a well defined sub-Markovian semigroup

on B(D). The semigroup property is a consequence of the Markov
out

property and the fact that 73" is a stopping time.
The Green kernel GP is the bounded (by Proposition 4) operator
defined on B(D) by

out

D LD D
GP (@)= [ PP f@ae =B Fx0ar),
For all x € D and A C M, a Borel set, we let

GP(x, A) = GP1np ().

Quasi-stationary Distributions

A Quasi-stationary Distribution (QSD) for (PP) is a probability mea-
sure p on D such that
,UPtD —e My (5)

for some A > 0. For further reference we call A the absorption rate (or
simply the rate) of u. Equivalently,

MPtD(')
NPtDlD

=Pu(Xp €| 75" > 1) = p(:).

Lemma 5 Equation (5) holds if and only if pGP = %u.



Proof: Clearly, by definition of G, equation (5) implies that uGP =
% . Conversely, assume that uGP = % . Then for every bounded non-
negative measurable map f: D +— R, u(GP f) = %,u(f) and also

W(GPPP ) = L u(PP )

That is ~ )
u( [ PP A = (RP ).
t
Equivalently,
t
1
WGPy = [ PP = (PP D)

This shows that the map v(t) = u(PP f) satisfies the integral equation

o(t) — v(0) = —)\/0 o(s)ds.

It follows that v(t) = v(0)e M. 0

Let Cy(D) C B(D) denote the set of bounded continuous functions on
D, and Cy(D) C Cy(D) the subset of functions f such that f(z) — 0
when z — Ox D := K \ D.

Remark 7 In the recent paper [8], the authors prove the existence
and convergence to a QSD under the condition that the sub-Markovian
semigroup is strong-Feller. Observe that in our case, although (P;) is
Feller, there is no evidence in general that (PP) is strong-Feller nor that
it preserves Cp(D). On the other hand, under rather weak, reasonable
conditions, GP maps Cy(D) into Cy(D), as illustrated by the following
example.

Example 4 Consider the ode on R given by & = —1. For D =]0, 1]
PPf(x) = f(z — t)1y5¢ is not Feller, GP f(x) = [ f(u)du is Feller
(and even strong Feller). If now D =]0,1], then GP maps Cy(D) into
Co(D).

The condition that GP(Cy(D)) C Co(D) plays a key role in the next
Theorem 7 and will be investigated in the subsequent sections.

An open set U C M is said D-accessible from x € D if PP (z,U) > 0
for some ¢ > 0. Point y € K is said D-accessible from z € D if every
open neighborhood of y is D-accessible from z.



Lemma 6 An open set U C M is D-accessible from x € D if and only
if GP(x,U) > 0. In particular, the set of D-accessible points from x
coincide with the topological support of GP(x,-).

Proof: Suppose that PP (z,U) > 0 for some open set U and t > 0.
Fatou Lemma and right continuity of paths imply that

lim inf PP (z,U) > Ex(lirr%ir;ft 1y (Xs)loues gy = PP (z,U) >0
s—t,s

s—t,5>1

This proves that s — PP (z,U) is positive on some interval [t,t + ],
hence GP(x,U) > 0. The converse implication is obvious. O

Theorem 7 Assume that:

(i) GP(Cy(D)) € Co(D);

(ii) There exists an open set U C M, D-accessible from all x € D and
such that UNK C D.

Then there exists a QSD for (PP).

Remark 8 A sufficient condition ensuring condition (¢7) in Theorem
7 is that there exists a point y € D which is D-accessible from every
xz € D.

Proof: We claim that there exists a function ¢ € Cy(D), strictly
positive on D and 6 > 0 such that

G ¢ > 00. (6)
Proof of the claim: For € > 0, let
U ={reK: dz,UNK)<e}.

Choose € > 0 small enough so that UK C D (recall that D is rel-
atively open in K). Let ¢(z) = (1 — d(e, UmK))JF. For all z € D,
Gsz( )y > GP 1UmK( ) = GP1y(x) > 0. Thus, by compactness of
Uy, 6 = inf el GPy(z) > 0. Since ¥ = 0 on K\U;, it follows that
for all x € D GDz/)( ) > 6¢(z). The map ¢ = GP4 is positive and
satisfies (6).

Let B(K) (respectively C'(K)) be the space of bounded (respec-
tively continuous) functions over K. The operator GP extends to a
bounded operator G on B(K) defined as

[ GP(f|p)(z) forze D
Gf(@) _{ 0 ’ for x € Ox D

10



By condition (i), G leaves C'(K) invariant. That is G(C(K)) C C(K).
Let Mi(¢) be the set of Borel finite nonnegative measures p on K
such that 11(¢) = 1 and let T : My(¢) = Mi(¢) be the map defined
by G
1
() GO
We first observe that 7" is continuous for the weak™ topology: if p, —
for the weak* topology in M (¢), then p,G — pG and p,Gop — pGéo.
Since in addition pnGo > Oun(p) =60 > 0 by (6), T(un) — T(1).
Choose an open neighborhood N of dx D such that G1x < 6/2 on

NN K and set C = sup,cp\n (G;f;))(x) < 0o. Then, for all € M1(9)

w(Glg) _ p(Glg) _ 0/2u(K) +Cu(é)  p(K) C
g < < = —_—.
It follows that for any R > 2% the set

ME(¢) = (e My(8) : u(K) < R}

is invariant by 7. Since M¥(¢) is convex and compact (for the weak*
topology), T admits a fixed point by Tychonoff Theorem. If x is such

a fixed point, the probability £ ﬁ'(%g)) is then a QSD for (PP). O

Remark 9 The proof of Theorem 7 is reminiscent of the proof of the
existence Theorem 4.2 in [6].

2.2 Uniqueness and convergence criteria
Right eigenfunctions

Suppose that the conditions, hence the conclusion, of Theorem 7 hold.
We say that h € Co(D) is a positive right eigenfunction for GP if
h(z) > 0 for all z € D and

1
Dy _ *
Gh—)\h (7)

for some A > 0.

Lemma 8 If h is a positive right eigenfunction, the parameter A\ in
(7) necessarily equals the absorption rate of any QSD and

PPh =eh
for allt > 0.

11



Proof: If p is a QSD with rate X, then uGPh = %uh = %uh S0
that A\ = )\. The proof of the second statement is similar to the proof
of Lemma 5 and left to the reader. O

The following result shows that a strengthening in the assumptions of

Theorem 7 ensures the existence of a positive right eigenfunction for
GP.

Corollary 9 Assume that:
(i) GP(Cy(D)) C Co(D) and GP is a compact operator on Co(D);
(ii) For all x,y € D y is D-accessible from x.

Then, there exists a positive right eigenfunction for GP.

Proof: Let 7 = lim, o0 ||(GP)"||/" be the spectral radius of GP
on Cy(D). Let p be a QSD (whose existence is given by Theorem 7)
with rate A. For any f € Cy(D) such that 0 < f < 1 and u(f) # 0
I(GPY" | > p((GP)f) = 3eu(f). Hence r > 1 > 0.

Let Cy (D) = {f € Co(D) : f > 0}. It is readily seen that Cy (D) is
a reproducing cone in Co(D), invariant by G, meaning that Co(D)¥ is
a cone, Co(D) = {u—v : u,v € Co(D)*} and GP(Co(D)*) C Co(D) ™.
Therefore, by Krein Rutman Theorem, there exists h € Co(D)* \ {0}

such that Gh = rh. Let y € D be such that h(y) > 0. Then, h >

@1[/{7[( for some neighborhood U of y. Therefore, by (i7),

h(y)

rh(z) = (GPh)(z) > T(GD1UM{)(;1;) > 0.

Now +u(h) = w(GPh) = rpu(h). Hence r = 1. This concludes the proof.
O

Uniqueness and convergence

We say that (PP) is irreducible if there exists a nontrivial measure &
on D such that for all z € D and A Borel,

£(A) > 0= GP(x,A) > 0.

Theorem 10 Assume that:
(i) The hypotheses of Theorem 7 hold;

(ii) There exists a positive right eigenfunction for GP;

12



(iii) (PP) is irreducible.
Then (PP) has a unique QSD.

Remark 10 Conditions (i) and (i) of Theorem 10 are implied by the
assumptions of Corollary 9.

Proof: Let h be a positive right eigenfunction and p a QSD with
rate A. Let @ and 7 respectively denote the Markov kernel and the
probability on D defined by

() = E2UM).
h
and (fh)
B
m(f) = p(h)

for all f € B(D). Then, 7 is invariant by Q. The assumption that
(PP) is irreducible makes @ irreducible, in the sense that £(A) > 0 =
Q(x,A) > 0for all z € D and A Borel. Therefore, by a standard result
(see e.g [7] or [17]), 7 is the unique invariant probability of (). Assume
now that v is another QSD with rate . Then v(Gh) = Lv(h) = 1v(h).
Hence o = A. Tt follows that the probability 7’ defined like 7 with v in
place of p is invariant by Q. By uniqueness, 7 = 7’ and consequently
w=v. O

A sufficient (and often more tractable than the definition) condition
ensuring irreducibility is given by the next lemma.

Lemma 11 Suppose that there exists an open set U C M, D-accessible
from all x € D, and a non trivial measure & such that for all xt € U
GP(x,-) > £(-). Then (PP) is irreducible.

Proof: For all x € D, there exists, by D-accessibility, ¢ > 0 such
that PP (x,U) > 0. For every Borel set A C M,

G A)> [T PR ayds= [ [ PPy PP Ayis

oo
> [ [ P dy PPy A)ds = Pua U)E(A).
o Ju
O
If the local minorization G (x,-) > &(-) appearing in Lemma 11 can
be improved to local minorization involving (PP), we also get the ex-

ponential convergence of the conditional semigroup toward u. More
precisely,

13



Theorem 12 Suppose that:
(i) The hypotheses of Theorem 7 hold;
(ii) There exists a positive right eigenfunction for GP, denoted by h;

(iii) There exist an open set U C M, D-accessible from all v € D,
a non trivial measure & with £(U) > 0, and positive numbers
T > e >0 such that for allx e U,/ T —e <t < T,

PP(x,) 2 &().

Then there exist C,a > 0 such that, for all p € M1(D) (the set of
probability measures over D),

H thD _M() < C:u‘(h') —at
thD]-D TV N p(h)
where || - |7y stands for the total variation distance.

Proof: Let h be a positive right eigenfunction and p a QSD with
rate A. For all f € B(D) and t > 0, let

~ uPP(h)
Qt(f) = 0
and (1)
B
() = pu(h)

It is easy to verify that (Q;) is a Markov semigroup (usually called the
@ process induced by p) having 7 as invariant probability. In order to
prove the theorem we will show that :

Step 1 There exists a probability v on D such that for every compact
set K C D there is some integer n and some constant ¢ (both
depending on K) such that

Qnr(z,-) > cv(-)
forall z € K.

Step 2 The function V = % is a continuous and proper Lyapunov
function for Q, that is

lim V(z) = oo,
x—0D
and
QrV < pV+C (8)

for some 0 < p < 1and C' > 0.

14



From step 2 we deduce that for all n > 0

C
QnrV < p"V + ——. (9)
1—p
Choose R > IQTCP and set K = {# € D : V(z) < R}. Then K is a
compact subset of D and, by step 1, there is some n > 1 such that

Qnr(x,) > cv(.) (10)

on K. Now, relying on a version of Harris’s theorem proved by Hairer
and Mattingly in [10], (9) and (10) imply that for all f : D — R
measurable, and k > 0,

|Qrr(f) (@) = 7(f)] < este "L+ V(@) fllv
lf ()]
1+V(z)
that h is bounded (it is continuous on the compact K), this last in-
equality entails that there exist C,a > 0 such that, for any ¢ > 0 and
[ such that |||l <1,

for all z € D, where 0 <y < 1 and || f||v = sup,ep . Recalling

C
h(x)

e,

Qcf (z) —m(f)] <
In particular, for any f such that ||f||cc < 1 and p € M1(D) such that
p(1/h) < o0,

‘th [ﬂ - ZE‘IQ‘ < Cp(1/h)e™".

For any p € M;(D), denote h o p(dz) = h(?p(dx). Then, for any f
such that || f]lcc < 1 and p € My(D),

MO C ot o) [] <8, O
alh) ~pmy® = on)Q {h]ﬂ(hﬁp(h) |

Moreover, since PP f(z) = e Mh(x)Q4[f/h](z), then
pPPf = e p(h) x (ho p)Qi[f/h].

Thus, fixing p € My(D) and denoting t, := Llog (C;‘(‘,(L})l)), for any
t>t,,

plf)  C _—at ulf) | C _—at
uh) ~ i © pPOf _ wl) T ©

1 C _—at — D 1 C —a
wm tame ™ PR T e



2u(h) %, for any ¢t >

Computations entail that, setting C(p) 1= 1= =5 )

1+t
B(f) C _—at
Ty T oo e
h D —a
)28 — < u(f) + Clp)e
why ~ p(m)©

More directly, one has also

p(f) C __—at
athy ~ p(m)€ Cuth) _,
M(l) p(h) > (f)—2 :u( )e t.

L C —at —
MRS p(h)

Hence, one shows that there exists C’ > 0 such that, for any probability
measure p and any t > 1+1,,

‘ pPP —u < C’,u(h)e,at
pPP1 v p(h)
For t <1+,
D
H PPZ —u <2< 9p0(14tp) p—at _ 2eaCu(h)€_at
pPP1 - p(h)

To sum up, there exists two constants C,a > 0 such that, for any
p € My(D)and t >0,

pPP
ppP1 "

v ph)

This concludes the proof.

We now pass to the proof of steps 1 and 2.

Proof of Step 1: For 6 > 0let Os = {x € D : GP(z,U) > §}. It is
not hard to see that Oy is open in D. Indeed, suppose to the contrary
that there exists a sequence x,, — x € D with

GP(2,,U) <6 < GP(2,U).

Let 9(y) = min(1, W) By continuity of 1. and condition (7) of
Theorem 7,

GPy.(x) = lim GPie(x,) < limsup GP1y(z,) < 6.

n—o0 n—o00

On the other hand, by monotone convergence

. D _ D
il_r)r(l)G Ye(z) = G¥ 1y (x) > 0.
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A contradiction.

By D-accessibility the family (Os)s>o covers D. Thus, for every
compact set K C D there exists & > 0 such that forall z € K, GP(z,U) >
5. Now, relying on Proposition 4 and the definition of GP, one can
choose S > 0 large enough so that

o )
/ PP (z,U)dt > =
0 2
for all z € K. Consequently, for all z € K there is some 0 < t, < S
such that
5.

1)
Pte(ny) Z ﬁ -

Hence,
Qtw (xa U) 2 6//

for some 6" > 0 and all z € K. By the assumption on (PP) there exists

¢ > 0 such that
Qu(z,) = E'()
forallz € U and T —e <t < T, where £'(f) = {(fh). Choose now n

sufficiently large so that % < e. Then for all x € K,nT =t + nr, for
some 7, € [T — ¢, T]. Thus

Qnr(2,) = /UQtz (,dy)Qur, (y,) = 8" (€ (U))" 1€ ().

Proof of Step 2: Without loss of generality, we may assume (to
shorten notation) that 7" = 1.
By Markov inequality,

P, (3% > 1) < E.(mp) = GD1D(J:).

Let # > 0 be such that p = e*d < 1. By the assumption that G (Cy(D)) C
Co(D), there exists € > 0 and C’ > 0 such that

]P)JL“(TBUt > 1) <60+ Cl]—{:vGD: d(z,0D)>e}-

Then B . 0
N THY > <
for some C' > 0. O
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3 Application to SDEs

The main purpose of this section is to prove Theorems 1 and 2. We
assume throughout this section that M = R™ and D C M is an open
connected set with compact closure K. We let (P;), respectively (PP),
denote the Markov, respectively sub-Markov, semigroup induced by the
SDE (1).

3.1 Accessibility

This section discusses the accessibility properties and provides simple
criteria ensuring that conditions (i) (accessibility of M \ K from K)
and (ii) — (b) (accessibility of D, from D) of Theorem 1 are satisfied.

Recall that y(u,z,-) denotes the maximal solution to the control
system (2) starting from z (i.e y(u,z,0) = z).

The following proposition easily follows from the celebrated Strook
and Varadhan’s support theorem [23] (see also Theorem 8.1, Chapter
VIin [13]). It justifies the terminology used in Section 1.

Proposition 13 Assume that the ST are bounded with first and second
bounded derivatives. Letx € M and U C M open. Then U is accessible
(respectively D-accessible) from x if there exists a control u and t > 0
such that y(u,x,t) € U (respectively y(u,x,t) € U and y(u,x,s) € D
for all 0 < s <t).

Remark 11 The assumption that the S7 are bounded with first and
second bounded derivatives is free of charge here, since - by compact-
ness of K - we can always modify the S7 outside K so that they have
compact support.

This proposition provides a tool to prove that condition (i) of Theorem
1 (or the standing Hypothesis 1) holds true. As an illustration, we
provide a proof of the following result, originally due to Pinsky [19].

Proposition 14 Suppose there exists T € M \ K and 6 > 0 such that
forallx € D

Z(Sj(x),w—@z > 8l — 2. (11)

7=1
Then M \ K is accessible from all x € K.
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Proof: Note that by continuity and compactness (of K x {x € R" :
|z|| = 1}), one can always assume that (11) holds true on some larger
open bounded domain D" with K C D'. For x € D and j € {1,...,m}

set
1

20¢e
where ¢ will be chosen later. Consider the deterministic ode

i=8%x) + Zu](x)sj(x)

! (z) = (8 (z), 2 — )

Set v(t) = ||z(t) — Z||>. Then, as long as z(t) € D/,

du(t) 1
< _Z
T gv(t) +a

where a = sup,cp 2((S°(z), z — #)). Thus
v(t) := ||z(t) — Z||* < e (vg — ae) + ae.
One can choose ¢ small enough so that x(t) meets D’ \ K. O

The next result (Proposition 16) provides a natural condition ensuring
that condition (i7) — (b) of Theorem 1 holds.

Suppose that 0D is regular, as defined in the introduction. Let N,
denote the set of unit outward normal vectors at p € D and let

N ={(p,v): p€ID,v e N}
We say that a vector w € R™ points inward D at p € 9D if
(w,v) <0 for all v € N, and (w,v) < 0 for at least one v € N,,.

We say that it points strictly inward D at p if (w,v) < 0 for all v € N,,.
We say that a vector field F' points inward (respectively strictly inward)
D if F(p) points inward (strictly inward) D at p for all p € 9D.

Lemma 15 Suppose 0D is reqular. Let F' be a Lipschitz vector field
pointing inward D and let © = {®,} be its flow. Then

(i) ®«(K) C D for all t > 0;

(ii) There exists a compact set A C D invariant under {®;} (i.e ®1(A) =
A for all t € R) such that for all x € D we(x) C A, where we(z)
stands for the omega limit set of x for ®.
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Proof: We first show that ®;(K) C K for all ¢ > 0. Suppose not.
Then, for some p € 9D and € > 0, d(P+(p), K) > 0 on |0,g]. The
function

being Lipschitz on [0, €] it is absolutely continuous, hence almost ev-
erywhere derivable and V() = fot V(u)du. Let 0 < ty < € be a point

at which it is derivable, z9 = ®4,(p) and py € 9D be such that

llzo — poll = d(zg, K). Then for all t > 0,

Vito +1) = V(to) _ d(®i(w0), K) — d(xo, K) _ [|®e(w0) — poll — [lzo — pol

t t t
Letting t — 0, we get

V(to) < <F($0), xo — p0> <F(£CQ) — F(po)’ Ty — p0>
~ w0 = poll 120 — poll

< L||zg — po|| = LV (to),

where L is a Lipschitz constant for F' and the second inequality comes
from the fact that F(pg) points inward D at pg. By Gronwall’s lemma
we then get that for all 0 < s < t < &, V(t) < elt=9)V(s). Since
V(0) = 0, V cannot be positive. This proves the desired result. Note
that this first result doesn’t require that 0D is regular but only that
for all p € 0D at which N, # 0 (F(p),v) <0 for all v € N, (compare
with Theorem 2.3 in [4]).

We now show that ®;(K) C D for t > 0. This amounts to show
that for all p € 9D and all € > 0 small enough, ®_.(p) € M \ K. Let
p € OD. Choose v € N, such that § := —(F(p),v) > 0. By assumption
d(p+rv, K) = r for some r > 0. Thus for all ¢ > 0 such that || F(p)||? <
rd,

<

|(p—eF(p)) — (p+rv)||* < r? — edr.

Since ||®_.(p) — (p — eF(p)|| = o(e), this shows that ®_.(p) & K for
€ > 0 small enough.
Assertion (i) is a consequence of (7). It suffices to set

A= thO(I)t(K)-
O
For (p,v) € N, set R(p,v) = sup{r > 0 : d(p + rv,K) = r} €]0, 0],

and let
Rop = inf R(p,v).

(pv)eN
It will be assumed in Proposition 16 that Ryp # 0.
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Remark 12 If D is convex or D is C?, then Rgp # 0. Note however
that the assumption that 0D is regular doesn’t imply in general that
Rop # 0. Here is a simple example. For 1 < a < 2, Let D C R? be
defined as

D ={(z,y) eR? :0 <z < 1,|y| < z*}.

It is not hard to verify that 0D is regular for all 1 < o < 2. However,
if 1 <a <2, then Mg = {v :|jv] =1,v1 <0} and

lim R((0,0),v) = 0.
’U—>(0,1)7U6N(0>0) (( ) )

Proposition 16 Assume that 0D is regular and Rgp # 0.

(i) For each p € 9D, the two following conditions, denoted (a), (b), are
equivalent:

(a) N, N =N, =0 and for each v € N,

m

(8°(p),v) <0 or > (S'(p),v)* #0;

i=1

(b) There exists a vector w € Span{S(p),...,S™(p)} such that
SY(p) +w points strictly inward D at p.

(ii) If for all p € OD condition (i) — (a) (or (i) — (b)) holds, then
D.={xeD: d(x,0D) > ¢}
1s accessible from all T € D for some € > 0.

Proof: Point (7). We first assume that (i) — (b) holds at every p €
0D and prove that D, is accessible for some € > 0. The assumption
Rpp > 0 makes N closed (hence compact). Indeed, if (pn,v,) — (p,v)
with (pp,vn) € N. Then, for any 0 < r < Rgp, d(p, + rv,, K) = 7.
Thus d(p+rv, K) =r.

This has the consequence that, if a continuous vector field F' points
strictly inward D at p € 0D, it points strictly inward D at q € 9D for
all ¢ in a neighborhood of p. Therefore, by compactness, there exists a
covering of 9D by open sets Uy, ..., Uy, and vector fields W1y, ... , Wy €
Span{S',...,S™} such that for all p € dDNU; F;(p) := S°(p) + Wi(p)
points strictly inward D at p. Set Uy = M \ 0D and let {p;}i=o,..k be a
partition of unity subordinate to {U; }i=o,... k. That is p; € C*°(M), p; >
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0, Zf:o pi = 1, and supp(p;) C U;. Define F' = pOSO—l-Zf:l piF;. Then,
F' points strictly inward D and writes

F=38"+) us (12)
=1

with u € C*°(M). In view of (12), Proposition 13 and Lemma 15, this
proves the result.

Point (¢). We now prove that conditions (i) — (a) and (i) — (b) are
equivalent. The implication (i) — (b) = (i) — (a) is straightforward. We
focus on the converse implication. Let

Cone(N,) = {tv,t > 0,v € N}
and conv(N,) be the convex hull of N,. We claim that
conv(Np) C Cone(Np)

and 0 ¢ conv(N,). To prove the first inclusion, it suffices to show
that Cone(N,) is convex. To shorten notation, assume (without loss
of generality) that p = 0. Let x,y € Cone(Np) and 0 < ¢t < 1. By
definition of Ny, Cone(Np) = {z € R",3r > 0s.t. d(rz, K) = |rz||},
so there exists r > 0 such that d(rz, K) = ||rz| and d(ry, K) = ||ry|.
Thus for all z € K

lra: — 2] = llral® = [|2]* - 2(ra, 2) > 0.
Similarly ||z|> — 2(ry, z) > 0. Thus
Ir(tz + (1 = t)y) — 2|1 = [Ir(t + (1 = t)y) |

= t(||2]* — 2(rz, 2)) + (1 = t)(|]|* = 2(ry, 2)) = 0.
This proves that tz+(1—t)y € Cone(Np), hence convexity of Cone(Np).
The fact that 0 & conv(N,) follows from the assumption that A}, N

—N, = 0. Indeed, suppose to the contrary that 0 = Zle t;z; with
k>2,2; € Np,t; >0and S-F  ; = 1. Then

ty
1—1t

z1 € conv(xa, ..., x) C conv(Ny) C cone(N,).

Thus —z1 € Np. A contradiction.
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We shall now deduce the implication (i) — (a) = (i) — (b) from the
Minimax theorem (see e.g [22]). For all j € {1,...,m} set ™7 = —7.
Let J={-m,...,0,...m} and

A(J)={acR’: a; > O,Zaj =1}.
jeJ

By condition (i) — (a) and compactness of N, there exists 6 > 0 such
that for all v € N, ‘

min(S’(p),v) < —4.

jed
Thus for all v € Cone(Np)

in(S7(p),v) < —d|v].
min{5”(p), v) < =]
The set N, being compact (in finite dimension) its convex hull is also
compact by Carathéodory theorem. Thus, because 0 ¢ conv(N,),
lv|| > %/ for some ¢’ > 0 and all v € conv(Np). It then follows that

sup inf (> ;8 (p),v) < sup min(S’(p),v) < -0’
veconv(N,) 2€A(JS) ]EZJ ! veconv(Np) J€J

for some ¢’ > 0. By the Minimax theorem, the left hand side, also
equals
inf sup (Y «a;8%(p),v)
a€A(]) yeconv(Ny) jEZJ !
and this infimum is achieved for some 5 € A(J). If By # 0 this implies
that

o 5
sup <So(p) + Z gjsj(p)av> < _57 <0.
veconv(Np) jEJ,j#0 0 0

If Bp = 0, for R > 0 sufficiently large

sup  (SY(p) + RZBij(p%w < —R&' +|5°(p)|l < 0.
vEconv(Np) jeJ

This concludes the proof. O

Remark 13 It follows from Proposition 16 that whenever 9D is C?,
condition (i7) — (a) of Theorem 1 implies condition (i) — (b), because
at each point p € 9D there is a unique outward unit normal. The
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following example shows that this is not true in general. Let D! be as
in Remark 12, with & = 1, and let (X;) be solution to

dX, = SY(X,) 0 dB,

where S'(z,y) = (1,2). At each point p € D there is at least one
v € N, such that (S*(p),v) # 0 so that condition (ii) — (a) is satisfied.
However, for 0 < < ¢, D} is not D-accessible from (7, 0).

Observe also that none of the conditions required in Proposition 16
is necessary for D, to be accessible. Let D® be as in Remark 12, with
1 <a<2andlet

dthelodBtl—'—eQOdBE,

with (e1, e2) the canonical basis of R?. As shown in Corollary 3 (and
its proof), D& is accessible; while for 1 < a < 2, Rgp = 0 and for
a=2,NooN—Noo #0.

3.2 Proof of Theorem 1

In order to prove Theorem 1, it suffices to show that the two assump-
tions of Theorem 7 are satisfied. The second assumption is implied by
condition (i) — (b) of Theorem 1. We shall show here that the first one
is implied by conditions (i) and (i7) — (a) of Theorem 1.

Feller properties

Let C(Ry, M) be the set of continuous paths n : Ry — M equipped
with the topology of uniform convergence on compact intervals.
Let (7,)n>0 be a sequence converging to n in C(R4, M). Set

o = inf{t > 0: n,(t) € M\ D}, 73" = inf{t > 0: n(t) € M\ D}
Define TIn(’OUt and 7 similarly.

Lemma 17 (i) Suppose n(0) € D. Then for all f € Cy(D), f > 0 and
allt >0,

1L%gff(nn(t))1{7gvout>t} > f(n(t))l{rg“t>t}-

In particular
. t t
liminf 72°* > 724,
n—o0 D ='D
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(ii) Suppose n(0) € K. Then

. n,out out
limsup 7~ < 1x

n—o0

and for all f € Co(K), f >0 and all t > 0,

hrfbn_il(l)p f(’?n(t))l{T}’?O“f>t} < f(n(t))l{r;’(“%t}-
Proof: (i) If 72" < ¢ the statement is obvious. If 78'* > ¢, then
1([0,t]) C D so that, for n large enough, 1,([0,¢]) C D. That is 775" >
t and the statement follows. The assertion that liminf, .o Tg’out >
7% follows by choosing f = 1p.
(7i) Suppose to the contrary that T}?O“t > 724 +¢ for some £ > 0 and
infinitely many n. Then 1" ([0, 79 +¢]) C K. Hence n([0, 78" +¢]) C K.

A contradiction. The last assertion directly follows for ¢ # 79 and

J€Cy(K). Ifnow t = 7% and f € Co(K), f(n"(t)) — f(n(t)) =0.0

In the following lemma, P/ denotes the semigroup defined as PF f(z) =
By (F(Xo) 1, gty

Lemma 18 Suppose that condition (i) of Theorem 1 holds. Then,

(i) Forall f>0,f € Cy(D),z € D and t >0,

liminf PP f(y) > PP f(x),

Yy—x
(ii) Forall f>0,f e Co(K),x € K andt >0

lim sup Pth(y) < Pth(x)
y—z,ye K

(iii) Suppose, in addition, that condition (ii)— (a) of Theorem 1 holds.
Then,
(a) For allx € OD,
P, (" =0) =1,
and for all x € D,

out —

Po(rp = 7R = 11

(b) For all f € Co(D) and t >0, PP(f) € Cy(D);
(c) For all f € Cy(D) and t > 0, GPf € Co(D). Condition (i)
of Theorem 7 is then satisfied.
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Proof: Let (X}) be the (strong) solution to (1) with initial condition
X§ = x. We can always assume that (X[)¢>0,zenm is defined on the
Wiener space space C(Ry,R™) equipped with its Borel sigma field
and the Wiener measure P (the law of (Bl,..., B™)). That is P,(-) =
P(X* € -). Also, for all w € C(R4,R™), the map v € M — X% (w) €
C(R4, M) is continuous (see for instance [14]|, Theorem 8.5).

Assertions (i) and (i) then follow from Lemma 17 and Fatou’s
lemma.

We now pass to the proof of (7).

a) Let p € OD. By condition (i7) — (a) of Theorem 1, there exist a
unit vector v and r > 0 such that the map ¥ : R” — R defined as

V(r) = r’ — |z — (p+ rv)H27
satisfies
U(r) >0=>zec M\K,

and (V¥(p), S?(p)) # 0 for some j € {1,...,m}. Without loss of gen-
erality we can assume that j = 1. Hence, for some neighborhood U of

p7
(V¥(2),5'(2)))* > a>0

on U.
By Ito’s formulae

. tATEHE
V(X ) = /0 LYU(XP)ds + Mt/\Tl(}ut

AT

where

LY = SO(0) +

| =

> (§)3(w),
j=1

m t
M= / oI (XP)dB,
j=1"0

and 07 (z) is any bounded measurable function coinciding with (V¥ (x), S$7(z))
on U. In the definition of L above, we used the standard notation for dif-
ferential operators defined from vector fields: S*(f)(z) = (S(z), Vf(z)).

For convenience, we set o!(z) = \/a for x ¢ U. Therefore,

(X o) = Myprour — b(t AT (13)

tATE
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with b = sup_ 7 [LY(z)], and
(M =S / o7 (XPV2ds > at.
j=170

By Dubins-Schwarz Theorem (see e.g [14], Theorem 5.13) there exists
a Brownian motion (8) such that M; = By, for all ¢ > 0. Thus, for
alle >0

sup (M; —bt) > sup (B, — é(M>t) > sup (B — ét)
0<t<e 0<t<e a 0<t<ae a

Let A: be the event that the right hand side of the last inequality is

positive. We claim that A, has probability one. Indeed, by Blumen-

thal’s zero-one law, the event N;,>14,/, has either probability one or

zero. But

P(A:) > P(Buc > be) = (51 > —=V2).
showing that liminf, .o P(A/,) > 1/2. Thus P(N,>14,/,), hence
P(A;/,), equals 1.
Now, using (13), it follows that 7% < ¢ almost surely on the event
{r8"* > e}. Thus Pp(7%* = 0) = 1 because P, (77" > 0) = 1.
The second statement of (7i7), (a) follows from the strong Markov
property, valid since (P:);>0 is Feller (see e.g [14], Theorem 6.17), as

follows. For all x € D,

Po(78" = 1) = Ea(Px,, (1R = 0)) = 1.

T%ut
b) Let * € D. The property P (73" = 79%) = 1 implies that
PP f(z) = PE f(x) for all f € Cy(D). Hence, by (i) and (ii),

lim P” f(y) = PP f(x)
y—T
for all f € Cyo(D), f > 0. If now f € Co(D) it suffices to write f =
ft—f with ff = max(f,0) and f~ = (—f)*.
c) Write Té’om for inf{t > 0 : X7 ¢ D}. Again, the property

P, (r8% = 79%) = 1 combined with Lemma 17, imply that, almost

x,out

surely, the maps = € D — 75°", and 2 € D — [(?  f(XZ)ds are
continuous for all f € Cy(D). Also,

x,out

sup E] / T p(x)ds?) < |11 sup Eal(rg)?) < oo
xeD 0 xeD
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where the last inequality follows from Proposition 4. This shows that

x,out

the family ( [y  f(XZ)ds)zep is uniformly integrable. Thus, = €

x,out
D — E( OTD f(XZ)ds) = GP f(x) is continuous.
To conclude, observe that |G f(z)| < || f||GP1p(x) and that GP1p(z) =
E(Tgut’D). Asx — p € 9D this last quantity converges to E(T;’Ut’D) =0.
Od

3.3 Proof of Theorem 2

Consequences of Hormander conditions

We assume throughout all this subsection that the conditions of Theo-
rem 1 hold and that the weak Hormander condition is satisfied at every
€ K.

Lemma 19 The operator GP is a compact operator on Co(D).

Proof: Let L be the differential operator defined, for g smooth, by

Lg=5%g) + 5 Y _(5)*(9).

m
J=1

[N

Consider the Dirichlet problem

{ Lg = —f on D (in the sense of distributions) (14)

glap = 0.

We claim that for every f € Cy(K) there exists a solution to this
problem given as

g(z) =GP f(x)

for all z € D.

Assume the claim is proved. By Theorem 18 in [21], there exists
0 < a < 1 depending only on the family S°, S',...,S™ such that
if f € L™ and Lg = f (in the sense of distributions), then g is a-
Holder. Thus, GP(Co(D)) € C§(D), the set of f € Co(D) that are
a-Holder. Because GP is a bounded operator on Co(D), it has a closed
graph in Cy(D) x C§ (D). Hence, by the closed graph theorem, it is a
bounded operator from Cy(D) into C§(D). Compactness then follows
from Ascoli’s theorem.
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We now pass to the proof of the claim.
By a theorem of Bony (|4], Théoréme 5.2), for any a > 0 and
f € Cy(K), the Dirichlet problem:

{ Lg—ag = —f on D (in the sense of distributions) (15)

glap = 0;

has a unique solution, call it g4, continuous on K. Furthermore, if
f is smooth on D so is g,. Note that the assumptions required for
this theorem are implied by condition (ii) of Theorem 1 and the weak
Hoérmander condition.

Suppose that f is smooth on D (so that g, is smooth on D). Then
by Ito’s formulae

—atATout tATp! —as
(B g (Krg) + [ e (X))o
0

is a local martingale. Being bounded, it is a uniformly integrable mar-
tingale. Thus, taking the expectation and letting t — oo, we get that

out

/ " PP f(a)ds = Ea / Ve (X)ds) = gule). (16)
0 0

In particular, GP f(x) = lim,_,0 go(x), where the convergence is uni-
form by Proposition 4.
For every smooth test function ® with compact support in D

(ga> L*®) — a(ga, @) = —(f, @)

where (h, ®) = [ h(x)®(z)dz. Letting a — 0, we get that (GP f, L*®) =
—(f, @), that is
LGD(f) = _f>

in the sense of distributions. This proves that, for f smooth on D,
the solution to (14) is GP(f). If now f is only continuous, let (f,,) be
smooth (on a neighborhood of K) with f,, — f uniformly on K. Then
GP(f,) — GP(f) uniformly; and, by the same argument as above,
GP(f) solves (14) in the sense of distributions. O

The proof of the next two lemmas are similar to the proof of Corol-
lary 5.4 in [2]|. For convenience we provide details.
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Lemma 20 Let p € D be such that S(p) # 0 for some i € {1,...,m}.
Then, there exist disjoint open sets U,V C D with p € U and a non-
trivial measure & on'V (i.e E(V) > 0,&(M \ V) = 0) such that for all
zeU,

Proof: We first assume that for all z € D thereissomei € {1,...,m}
such that S%(z) # 0. By Theorem 6.1 in [4], this condition (combined
with condition (i¢) of Theorem 1 and the weak Hormander assump-
tion), imply that, for all a > 0, there exists a map K, : D R
smooth on D?\ {(x,z) : x € D} such that for all f € Cy(K), and
zeD

| e rPiwis= [ Kutwafw)an
0 D

To be more precise, Theorem 6.1 in 4] asserts that the solution to the
Dirichlet problem (15) can be written under the form given by the right
hand side of this equality. On the other hand, we have shown in the
proof of Lemma 19, that this solution is given by the left hand side.

Given p € D, choose ¢ # p such that K,(p,q) > 0. Such a ¢
exists, for otherwise, we would have [ e **PP1p(p)ds = 0. That is
o = 0,P, almost surely. By continuity of K, off the diagonal, there
exist disjoint neighborhoods U,V of p and ¢ and some ¢ > 0 such that
Ky(z,y) > cforall z € U,y € V. Thus, for all x € U,

GP(x,-) > / e PP (x,.) > cLeb(V N )
0

where Leb stands for the Lebesgue measure on R”.

We now pass to the proof of the Lemma. Using a local chart around
p we can assume without loss of generality that p = 0, S'(0) # 0 and
% = ey, where (ey,...,ey,) stands for the canonical basis on R".
Let D. = {x € R": Y | |z;] < e}. For £ > 0 small enough S'(z) # 0
for all z € D, and for all z € D, there is a vector u normal to ﬁg\ D,
(in the sense of [4]) such that (S*(z),u) # 0. The preceding reasoning
can then be applied with D; in place of D. Thus, for some disjoint open

sets U,V C D, with p € U and for all z € U,

GP(z,-) > GP=(z,-) > cLeb(V N ).
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Lemma 21 Let p € D be such that:
(i) The Hormander condition holds at p;

(ii) There exists a neighborhood V- C D of p such that p is D-accessible
from all x € V.

Then, there exist an open set U C V., a non trivial measure & on U and
positive numbers T > ¢ > 0 such that for all x € UT —ec <t < T

PP(z,) = €().

Proof: Replacing V' by a smaller neighborhood if necessary we can
assume that the Hérmander condition holds at every x € V. By ([12],
Theorem 3 and its proof), there exists a nonnegative map p; (x,%)
smooth in the variables (¢,z,y) € R%L x V' x V such that

PY (z,dy) = p} (z,y)dy,

where PY (z,-) stands for the law of X7 killed at D \ V. Choose ¢ € V/
and T' > 0 such that p¥ (p,q) := ¢ > 0. Then, by continuity, there exist
€ > 0 and neighborhoods Vi, Vs of p and ¢ such that

p! (z,y) >¢>0

for all (t,z,y) € [T —e,T +¢] x Vi x Va. By D-accessibility of p from ¢,
there exist s > 0, > 0 such that PP (q, V1) > 6. Now, by the continuity
property (i), (¢) of Lemma 18, the set

U={yeVa: PP(y,V1) > 6}

is an open neighborhood of ¢q. The proof of this fact is verbatim the
same as the proof written for GP in the proof of Step 1 of Theorem 12.
Thus, forallz e U T —e <t <T+¢,and A C U a Borel set,

Ptl—)&-s(x’A) > /

PP (x,dy) PP (y, A) > /
%1

Pf(fv,dy)/pf(y, z)dz
1% A

> dcLeb(A).

Lemma 22 Let p be a QSD. Then p has a smooth density with respect
to the Lebesgue measure on D. If furthermore the strong Hormander
conditions holds at every v € K, this density is positive.
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Proof: Let ® be a smooth func‘gion with compact support in D. By
Ito’s formulae (® (X, out ) _f[;‘,/\rl‘:’)“ L®(X,)ds)e>0 is alocal martingale,
whose quadratic variation is in L2, hence a true martingale. Thus,
taking the expectation and letting ¢ — oo, it comes that GP (L®)(x) =
—®(z) for all z € D. Let u be a QSD with rate A. Then —u(®) =
pGP(L®) = p(L®). This shows that L*i+ Ap =0 on D in the sense
of distributions. Now,

L°f = 8% 4 5SS+ T

j=1

where T is a smooth function and S+ S° € Span(S?, ..., S™). There-
fore L* satisfies the weak Hormander property. By Hoérmander Theo-
rem [11], it is hypoelliptic. This implies that 4 has a smooth density.
For a > 0, set L f = L*f — af and choose a sufficiently large so
that L71 =T — a < 0. If the strong Hérmander is satisfied at every
point = € K, the same is true for L}. Now, L*(—p) = (A +a)u > 0.
Therefore, by application of Bony’s maximum principle ([4], Corollary
3.1), if the density of —u vanishes at some x € D, it has to be zero on
D. This is impossible because p is a probability measure. O

Proof of Theorem 2

We now assume that conditions (i), (i), (4i7) of Theorem 2 hold. By

Lemma 19 and Corollary 9, there exists a positive right eigenfunction

for GP. By Lemma 20 and Lemma 11, (PP) is irreducible. Thus,

according to Theorem 10, it has a unique QSD. Such a QSD has a

smooth density by Lemma 22. This prove the first part of Theorem 2.
The last part follows from Lemma 21 and Theorem 12.
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