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1 Introduction

This course concerns the stochastic modeling of population dynamics. In the first part,
we focus on monotypic populations described by one dimensional stochastic differential
equations with jumps. We consider their scaling limits for large populations and study
the long time behavior of the limiting processes. It is achieved thanks to martingale
properties, Poisson measure representations and stochastic calculus. These tools and
results will be used and extended to measure-valued processes in the second part. The
latter is dedicated to structured populations, where individuals are characterized by a
trait belonging to a continuum.

In Section |2, we define birth and death processes with rates depending on the state of
the population and recall some long time properties based on recursion equations. Two
pathwise representations of the processes using Poisson point measures and Time-changed
Poisson processes are introduced, from which we deduce some martingale properties. We
carefully study the probability of extinction and in the case it is one, the law and moments
of the extinction time. We also give a characterization of the property of coming down
from infinity, which means that the birth and death process can be constructed starting
from infinity, and immediately reaches finite value at all positive times. We finally study
quasi-stationary distributions for birth and death processes, i.e. distributions which are
stable conditionally on non-extinction of the population. We prove in particular that,
when the process comes down from infinity, there is a unique stationary distribution which
uniformly attracts all initial distributions. This result is based on coupling techniques.

In Section[3] we represent the carrying capacity of the underlying environment through
a scaling parameter K € N and state convergence results in the limit of large K. Depend-
ing on the demographic rates, the population size renormalized by K is approximated by
the solution of an ordinary differential equation. We give two proofs, one based on time-
changed Poisson processes and Gronwall Lemma, and the other on martingale properties
and tightness-uniqueness arguments. When the per individual death rate is an affine
function of the population size, in the limit we obtain a so called logistic equation. This
approach can be generalized to a two-type birth and death process and leads in the large
size approximation to a competitive 2d Lotka-Volterra system, whose long-time behavior
is analyzed.

The second part of the document concerns structured populations whose individuals are
characterized by a type taking values in a continuum. In the mathematical modeling of
Darwinian evolution, this type is a heritable trait subject to selection and mutation. In
Section[d] the population size process is constructred as a measure-valued Markov process
with jumps. The population model includes mutations which may occur during each birth
event with some positive probability. The mutant inherits a random perturbation of the
ancestor’s trait. The individuals compete for resources and the individual death rate
depends on the whole population trait distribution, leading to nonlinearities in the limit.
We develop some stochastic tools for such processes and use a pathwise representation



driven by Poisson point measures to obtain martingale properties.

In the limit of large population size (scaled by the resource parameter K), we derive
a nonlinear integro-differential equation in Section The limiting theorem is proved
using compactness-uniqueness arguments and the semimartingale decomposition of the
measure-valued process. Simulations illustrate the convergence.

Section [6] focuses on the particular case of large population and rare mutations. The
time scale at which the process is considered is now much longer (to see the impact
of mutations) and the derivation in this case yields an evolutive jump process (for a
suitable mutation probability) describing the successive invasions of successful mutants.
When the initial population is monomorphic and as long as invasion implies fixation (this
assumption can be checked on the parameters), the process jumps from an equilibrium
state of the population to another one. This process is known as the Trait Substitution
Sequence (TSS) and was first heuristically introduced by Metz et al. [38]. Section [7]is
devoted to the study of the TSS in the limit of small mutational jumps. In this case, the
T'SS converges to the canonical equation of adaptive dynamics, which describes evolution
as driven by a fitness gradient. Notation

For a Polish space E, P(E) denotes the space of probability measures on E.

The spaces CZ(R), CZ(R4+), CZ(R?) are the spaces of bounded continuous functions whose
first and second derivatives are bounded and continuous, resp. on R, R, R%.

In all what follows, C' denotes a constant real number whose value can change from one
line to the other.

2 Birth and Death Processes

In this part, we concentrate on one-dimensional models for population dynamics. We
recall the main properties of the birth and death processes.

2.1 Definition and non-explosion criterion

Definition 2.1. A birth and death process is a pure jump Markov process whose
jumps steps are equal to +1. The transition rates are as follows:

i —>1+1 at rate N\
t—=1—1 atrate

(Ni)ien= and (u;)ien+ being two sequences of positive real numbers and Ao = pp = 0.

In this case, the infinitesimal generator is the matrix (Q; ;) defined on N x N by

Qiit1 =N, Qiic1=pi , Qii=—(Ni+pi), Qi; =0 otherwise.

The global jump rate for a population with size ¢ > 1 is A; + p;. After a random time
distributed according an exponential law with parameter \; + p;, the process increases
by 1 with probability /\i/}:m and decreases by —1 with probability )\Z_’jrim. If A+ u; =0,
the process is absorbed at i. This construction gives a sequence of jump times (7},)n>1
and a jump chain (Y,),>0. In the case where T\, = sup,, T,, < oo, the process is taken

constant equal to an arbitrary value, say +o0, after time T,,. We thus obtain a process




(Xt)t>0 which is a right-continuous process taking values in N U {400} such that, for all
n >0,
Xt =Y, Vt € [Tn’Tn-i-l)

and X; = oo if t > T, = sup,, T, where Ty = 0,

e the jump chain (Y,),>0 is a discrete-time Markov chain on N such that Yy = X

and with transition probability )\i>‘;'i/~/'i from ¢ to i 4+ 1 and /\iiiui from i to i — 1,

e the inter-jump times defined for all n > 1 as S,, = T}, — T,,_1 satisfy that, for all
n > 1, conditional on Yp,...,Y,_1, the random variables Si,...,5, are indepen-
dent exponential with parameters A(Yy)+u(Yo), ..., A(Y—1)+u(Yn—1) respectively,
where we write A(i) = A; and p(i) = p; for all 4 > 0.

Recall that if P(t) = (P;;(t)),t € Ry denotes the transition semigroup of the process,
1.e. Pi7j(7f) = P(Xt :j ‘ X() = i), then

Pm‘+1(h) =Nh-+ O(h) ; Piﬂ',l(h) = Wi h + O(h) ; Pl’l(h) =1- ()\,L + ,ul) h+ O(h)

Examples: The constant numbers A, u, p, ¢ are positive.
1) The Yule process corresponds to the case \; =i\, p; = 0.
2) The branching process or linear birth and death process : A\; = i\, p; = iu.
3) The birth and death process with immigration : A\; = i\ + p, u; = iu.
4) The logistic birth and death process : \; =i\, pu; =ip+ci(i — 1).

The following theorem characterizes the non-explosion in finite time of the process. In
this case, the process will have a.s. finite value at any time ¢ € R..

Theorem 2.2. Suppose that A\; > 0 for all i > 1. Then the birth and death process has
almost surely an infinite life time if and only if the following series diverges:

1 Wi i - 2
il T e .. N [ . 2.1
; </\i * Aidi—1 o i ”>\2)\1> e 21)

Corollary 2.3. If for any i, A\; < \i, with A > 0, the process is well defined on R..

Remark 2.4. One can check that the birth and death processes mentioned in the examples
above satisfy this property and are well defined on R.

Proof of Theorem[2.3. Let (T,), be the sequence of jump times of the process and (S, ),
the sequence of the inter-jump times,

SnZTn—Tn_l, VTLZl; T():O, 50:0.

We define T, = lim,, T},. The process doesn’t explode almost surely and is well defined
on R, if and only if for any i > 1, P;(Ts < +o0) = 0.

The proof consists in showing that the process doesn’t explode almost surely if and only if
the unique non-negative and bounded solution x = (z;);en of Q x = z is the null solution.
This proof is actually achieved for any integer valued pure jump Markov process. We will
then see that it is equivalent to for birth and death processes.



For any ¢ > 1, we set hl(-o) =1 and for n > 1,

(" = Ei(exp(~Tp)) = E; (eXp(— Z Sk)) :

We have

n+1
E; <€Xp <—ZSI<:> |51> = exp(—51) E; <EX51 (exp(— Sk))) ;
k=1 k=1

by the Markov property, the independence of S; and Xg, and since the jump times of
the shifted process are T;, — S1. Moreover,

E; (EXSI (eXP(—iSk)>> ZIP’ (Xs, =J) E; <exp ZSk ) Z Qij h("
k=1

j#i i

NE

where ¢; = Z#i Qi ;- Therefore, for all n > 0,

n+1 Q
h£n+1) =E; (E, (eXp(— ZSk)‘SI)> Z Y] h eXp( Sl))

k=1 jFi i

Since E;(exp(—51)) = [y° qie” e 5ds =

n+1 sz (n)
; el (2.2)
JFi

Let (z;); be a non-negative solution of Qz = x bounded by 1. We get hgo) =12>ux
and thanks to the previous formula, we deduce by induction that for all ¢ > 1 and for all
n €N, hl(n) > x; > 0. Indeed if h(n) > xj, we get h(nH) > ki 1%(; . As z is solution
of Qr = =, it satisfies ; = ), Qm xj = Qi it +Z]¢Z Qijrj = —q;x; +Z#i Qi jxj, thus
Zﬁéz ﬁm xj = z; and h(nH) > ;.

If the process doesn’t explode almost surely, we have T, = 400 a.s. and lim,, hl(n) =0.
Making n tend to infinity in the previous inequality, we deduce that x; = 0. Thus, in this
case, the unique non-negative and bounded solution of Qz = x is the null solution.

Let us now assume that the process explodes with a positive probability. Let z; =
E;(e~T=). There exists i such that P;j(To < +00) > 0 and for this integer i, z; > 0.
Going to the limit with T, = lim,, T,, and T, = Zzzl Sy yields z; = lim,, hg.n). Making
n tend to infinity proves that z is a non-negative and bounded solution of Qz = z, with
z; > 0. It ensures that the process doesn’t explode almost surely if and only if the unique
non-negative and bounded solution = = (z;);ey of Qx =z is x = 0.

We apply this result to the birth and death process. We assume that A\; > 0 for ¢ > 1
and \g = pp = 0. Let (z;);en be a non-negative solution of the equation Qx = x. For
n > 1, introduce A,, = x,, — x,_1. Equation Qx = x can be written zo =0 and

AnTpi1 — ()\n + ,Ufn)xn + pnTp-1 = Tpn , Yn > 1.



and g, = &, we get

1
Setting f, = — 3

An
Ar=z1; D0 =A1g1+ fizrs .o 5 D1 = D gn + frn2n.

Remark that for all n, A,, > 0 and the sequence (), is non-decreasing. If 1 = 0, the
solution is zero. Otherwise we deduce that

n—1
An-‘y—l - fnxn+2fkgk+l"'gnxk + g1 Ggn 1.
k=1
-1
. . . . 1 S HE+1 " Hn R
Since (z)g is non-decreasing and defining r, = — + + , 1t
An o = Mkt A A A

follows that r, z1 < Apt1 <7, Tp, and by iteration

n
xl(l +7ry+--- +7“n) <zp+1 <11 H(1+Tk).
k=1

Therefore we have proved that the boundedness of the sequence (zy), is equivalent to

the convergence of ), r;, and Theorem is proved. O

2.2 Kolmogorov equations and invariant measure

Let us recall the Kolmogorov equations, (see for example Karlin-Taylor [29]).
Forward Kolmogorov equation: for all ¢,j € N,

dt

(t) = Z Pik(t) Qrj = Pijr1(t)Qjv15 + Pij1(1)Qj-1; + Pij(1)Qj4
k
= i1 Piga(t) + AP (t) = (N + 1) P (1) (2.3)
Backward Kolmogorov equation: for all 4,5 € N,

dp; ;
dt

t) = Z Qik Prj(t) = Qii—1Pi-1(t) + Qiiv1Pir15(t) + Qi Pij(t)
k
= piPio1j(t) + XiPiga () — (N + pa) P (t)- (2.4)
Let us define for all j € N the probability measure

pi(t) =P(X(t) = j) = ZP(X(t) = j| Xo = )P(X(0) = i) = ZP(X(O) = i) P, ;(t).

A straightforward computation shows that the forward Kolmogorov equation (12.3)) reads

dp;

g O = Xi-12-1 () + g0 () — (g + 45) 05 (1), (2.5)

This equation is useful to find an invariant measure, that is a sequence (g;); of nonnegative
real numbers with Zj qj < +oo and satisfying for all j,

Aj1 Q-1+ i1 Qi1 — ()\j + i) g = 0.



2.3 Two trajectorial representations of birth and death processes

We consider as previously a birth and death process with birth rates (\,), and death
rates (pn)n. We write A, = A(n) and i, = p(n), where A(.) and pu(.) are two functions
defined on Ry. We assume further that there exist A > 0 and g > 0 such that for any
x>0,

Mz) <Xz ;o op(z) < p(l+22). (2.6)

This assumption is satisfied for the logistic case where A(x) = Az and p(x) = cx(x—1)+
.

Assumption (2.6)) is a sufficient condition ensuring the existence of the process on R, as
observed in Corollary 2.3

Proposition 2.5. On the same probability space, we consider a Poisson point mea-
sure N(ds,du) with intensity dsdu on Ry x Ry (see Appendix). We also consider
a random wvariable Zy independent of N and introduce the filtration (Ft)¢ given by
Fi=0(Zy, N((0,s] x A),s <t, A e BRy)).

The left-continuous and right-limited non-negative Markov process (Zi)i>o0 defined by

t
Zy = Zo +/0 /R (Lfucrzo ) — Liazo)<ush(Ze)+u(z.)}) N(ds,du) (2.7)
+
is a birth and death process with birth (resp. death) rates (An)n (resp. (fn)n)-
If for p > 1, E((Zy)?) < 400, then for any T > 0,

E(il? (Z1)P) < +o0. (2.8)

Proof. For n € N, let us introduce the stopping times
T, = inf{t > 0,Z; > n}.

For s <t, we have
sA\Ty,
Zr, = Zy +/0 (Zs— + )P = ZE )py<r(z,_)y N(ds, du)

sA\Ty,
+/O (Zs— = 1P = ZL )1 {x(z,_)<ush(Zs)4u(zs_ )} N (ds, du).

The second part of the r.h.s. is non-positive and the first part is increasing in time,
yielding the upper bound

AT
sup Zt < 7§ —i—/o (Zs— +1)P = Z{ )ju<a(z,_yy N(ds, du).
§S

Since there exists C' > 0 such that (1+ 2)? — 2P < C(1 + 2P~ 1) for any x > 0 and by

(2.6), we get

tATn - t
E(sup 2%, ) SE(Zg)—f—C’)\E(/ Zs (1+Z§1)d5> §C<1+/ E( sup ZP) ds) ,
0 0

s<t u<sATp,



where C' is a positive number independent of n. Since the process is bounded by n before
T, Gronwall’s Lemma implies the existence (for any T > 0) of a constant number Cr,
independent of n such that
E( sup ZF) < Crp. (2.9)
t<TATy,
In particular, the sequence (7)), tends to infinity almost surely. Indeed, otherwise
there would exist Ty > 0 such that P(sup, T, < Tp) > 0. Hence E(supcqnr, Z7) >
n? P(sup,, T, < Tp), which contradicts (2.9). Making n tend to infinity in and using
Fatou’s Lemma yield .
To prove that (Z;):>0 is a birth and death Markov chain, we first notice that for all
n > 1, since A and p are bounded on {0,1,...,n}, there is no accumulation of jump times
in up to time 7). Since T, = lim, T, = 400, there is no accumulation of jump
times in . We can then define the sequences of inter-jump times (S,),>1 and the
jump chain (Y},),>0 associated to (Z;)i>0. We prove that these two sequences have the
appropriate law by induction: for all n > 1, we define J,, = Sp + ...+ S, the n-th jump
time. We have from that Sp4+1 is t — J, where t is the first time ¢ > J, such that
N((Jn,t] X [0, /\(Yn—l) + N(Yn—l)]) =l,and Y, =Y, 1 +1if N((Jn,t] X [0, A(Yn—l)]) =
land Y, = Y1 — 1 if N((Jn,t] x [A(Yn=1), A(Yn—1) + pu(Yn—1)]) = 1. Hence, given
(Yo,...,Y,—1) and (S1,...,S5n), Sn+1 and Y,, are independent, S, 11 is exponential with
parameter \(Y,—1) + u(Y,—1) and

PY,=k+1|Y, 1=k =1-PY,=k—-1|Y,_1=k) =
The conclusion then follows by induction on n. O

Remark that given Zy and N, the process defined by ({2.7)) is unique. Indeed it can be
inductively constructed. It is thus unique in law. Let us now recall its infinitesimal
generator and give some martingale properties.

Theorem 2.6. Let us assume that E(Z]) < oo, for p > 2.

(i) The infinitesimal generator of the Markov process Z is defined for any bounded mea-
surable function ¢ from Ry into R by

Lo(z) = A(2)(9(z + 1) = 6(2)) + u(2)(0(z — 1) — ¢(2)).

(ii) For any measurable function ¢ such that |¢(z)| + |Lo(z)| < C (1 + 2P), the process
M? defined by

MY = 6(Z:) — 6(Zy) - /0 Lé(Zs)ds (2.10)

is a left-limited and right-continous (cadlag) (Fi)i-martingale.
(iii) The process M defined by

M, =2, — Zy — /Ot(/\(ZS) — u(Zy))ds (2.11)

s a square-integrable martingale with quadratic variation

T RCARTEAIS (2.12)



Remark that the drift term of involves the difference between the birth and death
rates (i.e. the growth rate), while involves the sum of both rates. Indeed the drift
term describes the mean behavior whereas the quadratic variation reports the random
fluctuations.

Proof. (i) is well known.

(i) Dynkin’s theorem implies that M? is a local martingale. By the assumption on ¢,
all the terms of the r.h.s. of (2.10]) are integrable. Therefore M? is a martingale.

(i4i) We first assume that E(Z3) < +oo. By (2.6)), we may apply (i) to both functions
#1(x) = x and ¢o(x) = 2%, Hence M; = Z; — Zy — fot(/\(Zs) — u(Zs))ds and Z? —
zZ8 — fot (MZs)(2Zs + 1) — uw(Zs)(1 — 2Z;))ds are martingales. The process Z is a semi-
martingale and It6’s formula applied to Z2 gives that Z7 — Z2 —fot 2Zs(MZs)—u(Zs))ds—
(M) is a martingale. The uniqueness of the Doob-Meyer decomposition leads to (2.12]).
The general case E(Z2) < +oo follows by a standard localization argument. O

We end this section with another trajectorial construction of birth and death processes
as time changed Poisson processes.

Proposition 2.7. On the same probability space, we consider two independent (standard)
Poisson processes (Py(t))i>0 and (P (t))i>0, independent of the random variable Xo. We
make no assumption on the infinitesimal generator QQ we consider here. In particular, it
may be explosive. Then the equation

¢ ¢
Xo+ P </ )\(Xs)ds> - P </ ,u(Xs)ds>, YVt > 0 s.t. both integrals are finite,
0 0

400 otherwise.

X =

(2.13)
admits a.s. a unique solution which is a birth and death process with generator Q).

Proof. Since the jump times of Poisson processes are isolated, the construction of (X¢)¢>o
can be done pathwise inductively along the successive jump times of X;. Given the n
first values of the jump chain Yp,...,Y,_1 and the n first holding times Si,...,5,, we
set T, = S1+ ...+ S, the n-th jump time. Then the next jump time T, + S, is the
first time ¢ > T, such that

Tn

P </OT" AX)ds + A(Yoo1)(t — Tn)> _p < )\(Xs)ds> 20,  (2.14)

0

or Py (/OT (Xs)ds + (Yoo )(t — Tn)> _p (/OT ,u(Xs)ds> £0, (2.15)

and the next value Y, of the jump chain is Y,,_1 +1 (resp. Y,,—1 —1) if (resp. )
is satisfied first. By Markov’s property for Poisson processes, the process in is a
Poisson process with rate A(Y,—1) and the one in is a Poisson process with rate
(Y1) independent of the first one. Hence, we deduce that, conditional on (Yp,...,Y,_1)

and (S1,...,5n), Sy is the infimum of two exponential variables with parameters A(Y,_1)
and u(Y,—1), hence is exponential of parameter \(Y,,—1)+ u(Y,—1), and Y, is independent
AMY,—1)

of Sp41, with value Y,,_; + 1 with probability YL

AV ) 4+u(Yn_1) and Y,—1 — 1 otherwise.



This proves that the sequences (Y},), and (Sy), have the distribution corresponding to
that of a birth and death process with infinitesimal generator Q.

Since the jump times of Poisson processes are isolated, it is also clear that the first
accumulatlon point of the sequence of jump times (T},), is exactly the first time where
either fo s)ds = 400 or fo s)ds = 4o0. O

2.4 Extinction criterion

Let us come back to the general case.

Some of the following computation can be found in [29] or in [2], but they are finely
developed in [4].

Let Ty denote the extinction time and w; = P;(Ty < co) the probability to see extinction
in finite time starting from state .

Conditioning by the first jump X7, € {—1,+1}, we get the following recurrence property:
for all i > 1,

Ailip1 — ()\z + ,U,Z)UZ + piui—1 =0 (216)

This equation can also be easily obtained from the backward Kolmogorov equation (2.4)).
Indeed
U; = PZ(Ht >0,X; = O) = Pi(Ut{Xt = 0}) = lim .F)i’o(t),
t—o0
and
dP;
dt

(t) = piPic1,0(t) + NiPiv10(t) — (N + i) Pio(t).

Let us solve (2.16]). We know that up = 1. Let us first assume that for a state N, Ay =0

and )\; > 0 for 1 < N. Define uEN) = P;(Ty < Tn), where Ty is the hitting time of N.
Thus u(])V =1let u% = 0. Setting

N—
N A
UN_Zm’

straightforward computations using (2.16|) yield that for i € {1,--- ,N — 1}

2

=(14+Un)"! l;liﬂ and in particular ugN) =1 —?IVJN

(N)
u:
! 15 Ak

i}

7

For the general case, let N tend to infinity. We observe that extinction will happen (or
o0

M1 g

not) almost surely in finite time depending on the convergence of the series 3 Ve
L Ak

k=1

o0
Theorem 2.8. (i) If Z HLTURE 400, then the extinction probabilities u; are equal
k=1

AL A
to 1. Hence we have almost-sure extinction of the birth and death process for any finite
instial condition.

10



(ii) If Z'Ud )\k_U < 00, then fori>1,

— (1+U ) 1 :U'l C Mk
‘A1 )\k
k=1

There is a positive probability for the process to survive for any positive inital condition.

Application of Theorem to the binary branching process (linear birth and
death process): any individual gives birth at rate A and dies at rate u. The population
process is a binary branching process and individual life times are exponential variables
with parameter A + . An individual either gives birth to 2 individuals with probability

S + or dies with probability £ Jm

Applying the previous results, one gets that when A < pu, i.e. when the process is sub-
critical or critical, the sequence (Uy)n tends to infinity with N and there is extinction
with probability 1. Conversely, if A\ > u, the sequence (Uyn)y converges to )\’%M and

straightforward computations yield u; = (u/\)".

Application of Theorem to the logistic birth and death process. Let us
assume that the birth and death rates are given by

Ni=Ni i = i+ ci(i—1). (2.17)

The parameter ¢ models the competition pressure between two individuals. It’s easy
Mk
o Ak
extinction of the process. Hence the competltlon between individuals makes the extinction
inevitable.

to show that in this case, the series Z diverges, leading to the almost sure

2.5 Extinction time

M1 B
= A >\k

diverges. The extinction time Tj is well defined and we wish to compute its moments.

Let us now come back to the general case and assume that the series

We use the standard notation

1 Ao A
T = —; 7Tn:M Vn > 2.
M1 M1 n

We now focus on the time spent by the process (X (t),t > 0) to go from level n + 1 to
level n. For n > 0, we introduce the function

Gn(a) = En+1(exp(_aTn))7 a>0,

where T, is the first hitting time of the level n.

11



Proposition 2.9. Let us assume that

1
/;1 /;k =Y =+t (2.18)
i Ak - nTn

Then
(i) For any a >0 and n > 1,

n =E, —aly)) =1 - 5 2.1
Goa) = Bnpa(exp(—ay)) = 1+ 120l L 2.19)
(i) E1(To) = > g>1 ™k and for every n > 2,
1
Eni1(T,) = e > omi, (2.20)

ZWHZ Z m—z > M . (2.21)

>1 kiSkt1 =1 \iSky1 HhtL--- [

Proof. (i) Let 7, be a random variable distributed as T}, under P,4; and consider the
Laplace transform of 7,,. Following [3| p. 264] and by the Markov property, we have

d
Tn—1 < Liy,——1}€n + Lyv=1y (En + Tu + 7521)

where Yy, &,, 7/,_; and 7, are independent random variables, &, is an exponential random
variable with parameter A\, + u, and 7' _, is distributed as 7,1 and P(Y,, = 1) =
1-P(Y, =-1)=\,/(An + pn). Hence, we get

Gnl(a)zw@n(a)enl(a) An >

a—+ A+ pin An + in An + fin
and ([2.19) follows.
(ii) Differentiating (2.19)) at a = 0, we get
An 1
En(Tnfl) = — EnJrl(Tn) +—, n>1
n Hn

Following the proof of Theorem we first deal with the particular case when Ay = 0
for some N > n, Ex(Tn_1) = - and a simple induction gives

KN
i=n+1
We get Eq(Tp) = S0, m and writing E,(Tp) = S27_; Ex(Tk_1), we deduce that
Z ™+ Z Z
=k+1

12



In the general case, let N > n. Thanks to ([2.18]), Ty is finite and the process a.s. does
not explode in finite time for any initial condition. Then Ty — oo P,-a.s., where we
use the convention {Ty = +oo} on the event where the process does not attain N. The
monotone convergence theorem yields

E,(To:To < Tn) — E,(Tp).
N—+o0
Let us consider a birth and death process XV with birth and death rates ()\,iv , ui;v 1k >0)

such that (AY, u) = (A, pg) for k # N and AN = 0, 4l = pn.
Since (X¢:t <Ty) and (XtN < T]]\\f ) have the same distribution under P,,, we get

E, (To;To < Tn) = E, (T, TV < 1Y),

which yields
En(Tp) = lim E, (T2, 7Y <TY) < lim E, (T
n(O) Ngnoo n(O,O_N)_Ngnoo n(0)7
where the convergence of the last term is due to the stochastic monotonicity of Tdv with
respect to N under P,. Using now that Tdv is stochastically smaller than Ty under Py,
we have also

E.(Tp) > En(T3).
We deduce that

N n—1 N
1
— 1 Ny _ 13 )
BalTb) = Jim Bo(T57) = fim ) mit 2, 5 D
k=1 k=1 i=k+1
which ends up the proof. O

The proof of the next proposition is left to the reader.

Proposition 2.10. Assume ([2.18)). Show that for every n > 0,

2
En1(T7) = . > AmiBia(Th)?;
nftn <5
6
Enn(Ty) = g > i B (Ti) Vargg (T).
nfn 530

2.6 Coming down from infinity

The first lemma allows us to define the law of the process starting from infinity. As in
Donnelly [15], our main tool is a monotonicity argument. We set N := {0,1,...} U {oo}
and for any 7' > 0, we denote by Dx([0,77) the Skorohod space of cadlag functions on
[0, T'] with values in N.

Lemma 2.11. Under (2.18)), the sequence (P,),, converges weakly in the space of proba-
bility measures on Dg([0,T]) to a probability measure Pu,.

At this point, the limiting process is not assumed to be finite for positive times.

13



Proof. We follow the tightness argument given in the first part of the proof of Theorem 1
by Donnelly in [15]. Indeed, no integer is an instantaneous state for the process (A, t, <
oo for each n > 0) and the process is stochastically monotone with respect to the initial
condition. It ensures that Assumption (A1) of [I5] holds. In addition, Assumption
ensures that the process almost surely does not explode and (A2) of [I5, Thm. 1] is also
satisfied by denoting B the birth and death process X issued from n and stopped in N.
Then the tightness holds and we identify the finite marginal distributions by noticing
that for & > 1, for t1,...,tx > 0 and for aq,...,ar € N, the quantities P,,(X(t1) <
ai, -+, X (tx) < ax) are non-increasing with respect to n € N (and thus converge). O

When the process starting from infinity is non-degenerate, it hits finite values in finite
time with positive probability. More precisely, we say that the process comes down from
infinity if there exist t > 0 and y € R4, such that Poo(Ty < t) > 0.

Characterizations of the coming down from infinity have been given in [3,8]. They rely on
the convergence of the mean time of absorption when the initial condition goes to infinity
or equivalently to the convergence of the non-decreasing sequence E,,(Tp) as n — oo:

S = Zm—kz Z Z—Z +Z n+1 L < 4o

i>1 n>1 " iSnrl n>o \ HPntl S0 5o Hntls

(2.22)
This is equivalent to the existence and uniqueness of the quasi-stationary distribution
related to the absorbing point zero (see [40], [§]) and to the finiteness of some exponential
moments of Tj.

In the next lines, we show, using monotonicity properties, that it is also equivalent to
instantaneous almost-sure coming down from infinity (Proposition . The latter is a
stronger notion of coming down from infinity corresponding to the behavior of birth and
death processes under ([2.18) and (2.22)).

Definition 2.12. The process (X (t),t > 0) instantaneously comes down from infinity if
oVt >0,X(t) < +00) = 1. (2.23)

Using Lemma and that X € Dy([0,T7), is quasi-left continuous and 400 is not
accessible from N, we have for any 0 < tg < T,

Poo(Vt € [to, T), X (t) < +00) = lim lim Py (Vt € [to, T), X(t) < m),

m—00 k—o0

we get the equivalence between (12.23]) and

vt € (0,77, lim  lim Py(Th, <t) = 1.

m—00 k—+o00

In particular, a process satisfying (2.23) comes down from infinity.

Let us now show that is satisfied under (2.18)) and (2.22)). In fact we give several
necessary and sufficient conditions for (X (¢),¢ > 0) to come down from infinity. The first
two ones are directly taken from [§]. We add here an exponential moment criterion. We
also mention that it is equivalent to the existence (cf. [40]) and uniqueness (cf. [§]) of a
quasi-stationary distribution for the process X.

14



Proposition 2.13. Under condition , the following assertions are equivalent:
(i) The process (X (t),t > 0) comes down from infinity.
(it) The process (X (t),t > 0) instantaneously comes down from infinity.

(11i) Assumption is satisfied: S < 400.

(iv) supysq Ex[To] < +o0.

(v) For all a > 0, there exists k, € N such that B (exp(aTy,)) < +00.

Proof. (iii) and (iv) are clearly equivalent, using (2.21). As already mentioned, (i)
implies (7). From [3], Section 8.1, we have that (iii) and (i) are equivalent. We now
prove that (v) implies (i) and that (4i7) implies (v) and that (¢i7) implies (i7) to complete
the proof.

First, we check that (v) implies that X comes down from infinity. Indeed, taking a = 1
in (v), we have M := E (exp(Tk,)) < +oo. Then, Markov inequality ensures that for
all K > ky and t > 0, Pp(T, < t) > 1 —exp(—t)M. Choosing ¢ large enough ensures
Poo(Tk, <t) >0 and (¢) holds.

We then prove that (ii¢) implies (v). We fix @ > 0 and using S < 400, there exists k, > 1

such that ) )
Z ApT Z mi S a’

n>ke—1

We now define the Lyapounov function J, as

m—1 1
. Z Z m; ifm>k,,
Jo(m) = el AnTn )

0 ifm<k,.

We notice that J, is non-decreasing and bounded and we introduce the infinitesimal
generator L of X, defined by

L(f)(n) = (f(n+1) = f(n)) An + (F(n = 1) = f(1)) i,

for any bounded function f and any n > 1. Then, the process
t
M; := e J, (X (1)) — / e (ado(X (w)) + LJg(X (u))) du, (t>0)
0

is a martingale with respect to the natural filtration of X. Adding that LJ,(m) = —1 for
any m > ko and that J,(X(u)) < Ju(o0) < 1/a , we get for all k > kq and ¢ > 0,

tATk,
B (e Tha Jo(X(tATy,))) = By ( /0 e (aJo(X (w)) + Lo (X (u)))du) + Ja(k)
tATy,
- & (/0 ’ (aJa(X(u))—l)du> T+ Ju(k)

< Ja(k).
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Adding that for any k > kg, pr-a.s. Jo(X(tATk,)) > Ja(ka), we get Ey (€9 Tka) < ia(%li)).

Then (v) follows from the monotone convergence theorem and Assumption (7i7).

It remains to show that (i¢7) implies (i7). On the one hand, according to (2.20)), Eo(73,) =
> i>n Eit1(7;) and Assumption (iii) entails that Eoo(75,) vanishes as n — oo as the rest
of the finite series S. On the other hand, under P, the sequence (73,),>0 decreases to the
random variable Ty. Then, from the monotone convergence theorem, Eo(T},) decreases

0 Exo(Ty) and Eoo(Ty) = 0. It ensures that Ty = 0 Py a.s. and X instantaneously
comes down from infinity. The proof is then complete. O

2.7 Quasi-stationary distributions
2.7.1 Some coupling properties of birth and death processes

Given a pair of random variables (Xo, Yp) and the infinitesimal generator @ of a non-
explosive birth and death process, we can construct on the same probability space two
birth and death processes (X¢):>0 and (Y;):>0 with the same infinitesimal generator @
such that (Xo,Yp) has the same law as (Xo,Yo) and such that, for all 7,5 € N, given
(Xo,Y0) = (i,7), the processes (X¢)i>0 and (Y:):>o are independent. We define their
coupling time 7 as

T =inf{t >0, X, = Vi }.
We also define the process (Xt)tZO as

(2.24)

j(it: Xt ift<T,
Y, ift>r.

Proposition 2.14. The process ()?t)tzo 1s a birth and death process with initial value
Xy and infinitesimal generator Q.

Proof. The process (X, Y;)t>0 is a strong Markov process in N? and 7 is a stopping time
for this process. Hence, defining F; = o(Xs,Ys, s < t) and the stopped o-field F;, as

usual, for fixed n > 1,0=1ty < ... <t, and ig,...,i, € N,
P(Xto :io,...,th :Zn | ]:7—)
n
== Htk§T<tk+1P(Xto == iOa v 7th == ika}/;fk+1 - ik+17 e 7)/%71 - Z'n, ‘ fT)v
k=0

with t,,1 = +oo. Hence, denoting P(; jy = P(- | (Xo, Yo) = (4,)) and P; = P(- | Xo = 1),
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it follows from the Markov property at time 7 that

P(Xyy = i0s- - Xp, = in | Fr)

n
== E ]]-tk§7'<tk+1 :H-XtOZio,...,thZik P(XT7YT)(Yik+1_T = ik+17 L 7}/%n_7' == Zn)
k=0
n
= E ]]‘tk§7'<tk+l ]lXtOZio,...,th:ik PXT (th+17T = ik}-‘rla cee 7th77' = Zn)
k=0
n
= E ]ltkST<tk+1 HXtOZiU,...,th:ik P(th+1 = ik+17 R th = in ’ ‘FT)
k=0

=P(Xt, =d0,...,Xt,, =in | Fr).

n

Taking the expectation of both sides, we deduce that the processes ()?t)tzo and (X¢)e>o0
have the same law. O

This property allows to give bounds on the total variation distance between the dis-
tributions of two birth and death processes. Let us first recall the definition of the total
variation distance between probability measures.

Definition 2.15. Given 7, v two probability measures on N, their total variation distance
is given by one the following equivalent formulas

I —vllrv = 2 sup [w(A) —v(A)| = Y |7 (i) —v(i)| = sup —|7(f)—v(f)], (2.25)
ACN ieN JIN=R, [[flloo<1

where w(f) = > ey f(@)m(4).

For the next result, we use standard semigroup notations: forallz € Nand f : N — R
bounded, we denote §,P;f = P,f(x) = E,f(X¢) and for all probability measure 7 on N,
TP f =3 isom(1)0; P f = Exf(X;). Hence 0, P, is the distribution of the random variable
X; given Xg = x.

Corollary 2.16. For all z,y € N and all t > 0, there exists a probability measure v on
N* such that

02 Pi(14) > v(A)P(T <t) and §,P;(14) > v(A)P(r <t), VACN*, (2.26)
where T is constructed as above with Xo = x and Yo = vy. In particular,
0P — 0y Prl|7y <2P(t <7), Vt>0. (2.27)
Proof. From the above construction we see that, for all A C N,
P(X, e A)=P(X, € A) =PV, e At <) +P(X, € At <7)>P(Y; € A, 7 <1).
Since the same inequality is trivial for (Y;);>0, we have proved with

P(Y; e A,7 <t)

Y=<

We also deduce that
P(X; e A) —PY e A)|=P(Xy e Ajt<7)—-PY, e At <7)| <Pt <T7).
Taking the supremum over A C N entails (2.27)). O
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Since birth and death processes only make jumps of size +1, it is also clear that X; —Y;
has constant sign before time 7. The next result is then clear.

Corollary 2.17. If Xo < Yy a.s., then X; < Y; a.s. for all t > 0. In particular,
x — Pu(Xy > 2) is non-decreasing for all z € N, and if Ty denotes the first hitting time
of 0 by the birth and death process, x — P, (t < Ty) is non-decreasing for all t > 0.

2.7.2 First properties of quasi-stationary distributions

We will assume in all this section that the birth and death process (Xi)i>0 gets
almost surely extinct after a finite time Tp, i.e. that its infinitesimal generator satisfies
the condition of Theorem [2.8(i). In this case the stationary behavior of the process is
trivial and dg is the only stationary distribution. However, it may happen that extinction
only occurs after a long time and it is then interesting to characterize a stationary behavior
of the process before extinction. This can be done using the notions of quasi-stationary
distribution and quasi-limiting distribution as defined below.

Definition 2.18. (a) A probability measure v on N* is a quasi-stationary distribution
for the birth and death process (Xt)i>o if, for allt >0 and all A C N,

P,,(Xt cA | t < To) = I/(A)

(b) A probability measure v on N* is a quasi-limiting distribution for the birth and death
process (Xt)i>o if there exists a probability measure T on N such that

lim Pﬂ—(Xt S | t<T0) = .

t——+o0
where the convergence holds in total variation.
The next results shows that the two notions are the same.

Proposition 2.19. v is a quasi-stationary distribution if and only if v is a quasi-limiting
distribution.

Proof. A quasi-stationary distribution v is a quasi-limiting distribution since Defini-

tion b) holds for 7 = v.

Assume that v is a quasi-limiting distribution and take 7 as in Definition 2.1§|(b).
Then, for all f: N — R bounded,

v(f) = _w(i)f(i) = lim E-(f(Xy)|t<Tp).

t——+o0
>0

Now, for fixed s > 0, and A C N*,

P (X,cA|s<Ty) = vEs€As<To) P(X,ed) _v(f)

P,(s < Tp) P,(s <To) v(gs)
where fq(x) = Pu(Xs € A) and g5(z) = P,(s < Tp) > 0 for all z € N. Then
Er(fs(Xe) [t <To) . Ex(fs(Xy) . Pr(Xiqs € A)

P (X, €A|s<Ty) =l = F(a(lX)) P.(t+s<Tp)
Ao € ALs <T0)= I B G (X) [T < To) — oo Bag0(X0) e Pr(t + 5 < To)

where we used Markov’s property in the last equality. Hence
P (Xs € A|ls<Tp) = 1tli}m Pr(Xips € Al t+ s < Tp) =v(A).
oo

Therefore v is a quasi-stationary distribution. O
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A birth and death process started from its quasi-stationary distribution has remark-
able properties.

Proposition 2.20. Let v be a quasi-stationary distribution for the birth and death process
(Xt)tZO- Then

(i) there exists 6 > 0 such that
P,(t <Tp) =e %, Vt>0,
i.e. Ty has exponential distribution with parameter 8 under P, .
(ii) wnder P,, Xr, is independent of Ty.

Note that (i) implies that E, (e?70) < oo for 0 < o < 6 and hence that E,(e7?) < oo
for some x € N*. Proposition then suggests that there may exist a quasi-stationary
distribution when the birth and death process comes down from infinity. We will see that
this condition is actually necessary and sufficient for the existence and uniqueness of a
quasi-stationary distribution.

Proof. To prove (i), we use Markov’s property:

]P,,(t +s< To) = ]Eu[]lt<TOPXt(5 < To)]
= ]EV[PXt(S < To) | t < To]P,/(t < To)
= PV(S < To)P,/(t < To)

This is the standard property of lack of memory characterizing exponential distributions
with some parameter 6 € [0, +o00]. The case § = 0 corresponds to Ty = +0o0 a.s., which is
excluded by assumption, and the case 6 = +oo corresponds to Ty = 0 a.s., which never
holds for birth and death processes.

To prove (ii), we use a similar computation: given f : N — R bounded and ¢ > 0,

E, [f(X1y)Li<r—0] = Eu[Li<r, Ex, (f(X7,))]
=E,[Ex, (f(Xrn)) | t <To]Py(t < Tp)
= Ex, (f(Xn,))Pu(t < Tp).

Hence X7, and T are independent under P,,. ]

To conclude these first properties, we give the characterization of quasi-stationary
distributions as eigenfunctions of the adjoint generator.

Proposition 2.21. Let v be a probability measure on N*. Then v is a quasi-stationary
distribution if and only if there exists 8 > 0 such that

)\i_ll/(i — 1) — (/\Z + /Li)V(i) + ,uiHV(i + 1) = —HV(i), Vi > 1. (2.28)

Proof. If v is a quasi-stationary distribution, we deduce from Proposition that, for
all 1 € N*,
P 1;
v(i) = el lvp1;.
I/Pt HN*
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Now, Kolmogorov’s forward equation entails that

0P 1;
i

= |R(QLi)(z)| < |Q1Li]loo < o0

Hence one can dlfferentlate I/Pt]]_ = >_;>1 ()P 1Li(j) under the sum, which imples that

v(Q1;) = —0v(i). Hence (| is proved
Conversely, assume that - ) holds true for some 6 > 0. Since f = 1, belongs to

the domain of the infinitesimal generator @, for all x € N*,

oF, f

L (2) = PQS (@) = QPuf (@)
As above, this is a bounded function of 2 and we can differentiate v(P.f) as
dv (P, . .
(dttf) v(LPf) = Z Pif()[Nicav(i —1) — (N + pi)v(3) + piav(i + 1)) = —=0v(PLf).

i>1

Solving this ODE gives

vP1; = e v (j).
By monotone convergence, we deduce that, for all A ¢ N*, vP 14 = e %v(A) and, in
particular, v P, In+ = e~%. This implies that v is a quasi-stationary distribution. O

2.7.3 Exponential convergence in total variation to the quasi-stationary dis-
tribution

The goal of this section is to prove the next result.

Theorem 2.22 (Martinez, San Martin, Villemonais [35]). If the birth and death process
(Xt)t=0 comes down from infinity, then (X¢)i>0 admits a unique quasi-stationary distri-
bution v and there exist constants C,v > 0 such that, for all probability measure m on
N*,

P (X; €|t <Tp) —vlry <Ce™ ™, Vt>0. (2.29)

The proof given here is adapted from [12]. We start with some Lemmas.

Lemma 2.23. Let (X¢)i>0 be a birth and death process coming down from infinity. Then,
there exists a constant ¢ > 0 such that
inf P,(t <Tp) > csup P.(t <Tp), Vt>0.
reN* rEN*
Proof. Let us recall from Corollary that infyen Py (t < Tp) = Pi(t < Tp) and from
the property of coming down from infinity that sup,cn« Py (t < Tp) = Poo(t < Tp).
In view of Proposition [2.13(v), setting a = 1 + 1 + A1, we can find z > 1 such that,
defining the finite set K = {1,2,...,2} and Tx = inf{t > 0, X; € K},
A = sup B, (e TN 0)) < oo, (2.30)
r>1
Let us first observe that for all y,z € K, Py(X1 = 2)P.(t < To) < Py(t+1 <
To) < Py(t < Tp). Therefore, the constant C~1 := inf, ,cx Py (X1 = 2) > 0 satisfies the
following inequality:

sup Po(t < Tp) < C inf Po(t < Tp), Vt>0. (2.31)
zeK ek
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Moreover, since a is larger than A; + p1, the jump rate of X from 1,
e PPt —s<Ty) <P1(Xs=1)Pi(t — s < Tp) <Pyi(t < Tp).
For all z > 1, we deduce from Chebyshev’s inequality and that
P.(t < Tx ANTp) < Ae™™
Using the last three inequalities and the strong Markov property, we have
P.(t <To) =Pu(t <Tg NTo) + Pp(T NTp <t < Tp)

t
< Ae —|—/ sup Py(t —s < To)P.(Tk N To € ds)
0 yeKU{0}

t
SAPl(t<T0)+C/ Pl(t*S<To)Px(TK/\T0€dS)
0

t
< A[Pl(t < To) + CPl(t < To)/ e*’ ]P)I(TK NTy € dS)
0
< A(l + C)Pl(t < TQ)
Combining this with (2.31)) ends the proof of the lemma. O

Lemma 2.24. Let us define, for all 0 < s <t < T the linear operator RZt by

jotf(l') = Ex(f(ths) | T—-s< 7—8)
=E(f(Xe) | Xs =2, T <),

by the Markov property. This family of operators forms a time-inhomogeneous semigroup,
in the sense that, for all0 <u <s<t<T,allz>1 and all f: N* = R bounded,

ws(RE ) (@) = Ry, f (2).
Proof. We have, forall 0 <u<s<t<T,
Ry (R ) (@) = Bu(Bx, ,(f(Xis) | T =5 <To) | T —u<Tp).

For any bounded measurable function g, the Markov property implies that

Applying this equality to g : y — E,(f(Xi—s) | T — s < Tp), we deduce that
EI(]EXS u( (Xt S)]]‘T 3<T0))
P, (T —u < Tp)

Ex(f(Xt—s—l-(s—u))]]-T—s+(s—u)<T0))
P, (T —u < Tp)

=Rl f(z),

where we have used the Markov property a second time. O
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Lemma 2.25. Assume that there exist constants C,~v > 0 such that, for all x,y € N*,
IPr(Xp €|t <Tp) —Py(Xi €|t <Tp)|ry <Ce ™, Vt>0.

Then, for all probability measures w1, m2 on N*,
|Pr (Xt € |t <Tp) —Pry(Xp € - | t < Tpp)|lry < Ce M, Vt>0.

Proof. Let 1 be a probability measure on E and x € E. We have

HPM (Xt € - | < TO) - Pz(Xt S | t < TO)HTV

1

=<z P (Xt € )~ Pt <ToPe(Xi € [ £ < To)llrv
1

< —r— P,(X; € ) —P,(t <Ty)P(X: €|t <T

S B <y o P € ) Rl < TR € £ < T)lrvma(s)
1

S Pyt <T)|Py(Xy € [t <Th) = Po(Xy € - | £ < To)llrvmi(y)
]Pm (t < T()) 1

1

< P, (t < Tp)Ce Vdm(y) < Ce .
ety /E (6 < Tp) )

The same computation, replacing d, by any probability measure, concludes the proof of
Lemma [2.25 ]

Proof of Theorem[2.23. We use the coupling technique of Section 2.7.1} we construct on
the same probability space two independent birth and death processes with generator @,
(X})>0 and (X°)i>0, one starting from X} = 1 and the other one from X§° = oo, and
we call 7% their coupling time. Since X* gets a.s. extinct in finite time and the two
processes are independent, there exist tg > 0 such that

Ccp = ]P(Tl’oo < to, tho > 0) > 0.
As in Corollary we deduce that there exists a probability measure 1> such that
P (X4, € A) > cov™®(A), Poo(Xy, € A) > cov™(A), VA C N*.

Since we can similarly couple on the same probability the three processes X', X* and
X?* (a birth and death process started from Xy = x € N*) and since the coupling times
1% between X' and X and 7% between X% and X are clearly smaller than 71>,
we also deduce that

P.(Xs, € A) > corh™(A), VA C N*, Vo € N*.
Then, for all x € N* and t > ),
P.(Xy, € A, t < To) = Ea[lx, eaPx,, (t — to < To)] > co"[14P.(t — to < Tp)].
Dividing by P, (t < Tp) and using the inequality P, (t < Ty) < P,(t — to < Tp), we obtain

Vl’oo[]lAP. (t — g < T())]

P,( Xy, € A|t <Tp) > .

22



I/l’oo[]lA[P)A(tft0<T0)]
supy>1 Py (t—to<Tp)
than cg. Since it does not depend on z, we have proved that there exists a probability

measure vy on N* such that, for all ¢ > ¢,

Now Lemma [2.23| entails that the measure A —

has a mass greater

Po( Xy, € At <Tp) > ccore(A), Vr>1, VA C N

In other words, using the notations of Lemma we have proved that, for all
0<s<s+ty<T,
5$R£s+t0 > ccovr—s, Vo > 1.

Therefore, for all x # y in N*,
||5mRsT,s+t0 - 5yRsT,s+t0||TV < 2(1 = ceo).

Given two mutually singular probability measures 7, m on E, we have

IR vty = T2 B ity < D N0e R ortg = SR gl m(2)m2(y)
e>1,y>1
< 2(1 - cep) = (1 — cep)||m1 — 72|y

This inequality extends to probability measures which are non-singular since one can
apply the last inequality to the mutually singular probability measures 74 := 0 (m—m2)4

( ) m—m2)+ (N¥)
and T_ = m Then

Hﬁ‘*‘RSTJ-i-to o ﬁ—R£S+to“TV < 2(1 = cco)-

Since m (N*) = m(N*) = 1, we have (m — m2)4+(N*) = (71 — m2)_(N*). So multiplying
the last inequality by (w1 — m2)+(N*), we deduce that
(1 = m2) 4+ Ry gy — (1 = m2) - Ry o llv
< 2(1 = cep)(m — m2)+(N*) = (1 — ccp)||m — m2|7v-
Since (71 — m2)4 — (w1 — m2)— = 7 — T2, We obtain
1T RY 44y — maRE ol < (1= crca)|lm — o7y
We can now use the semigroup property of Lemma for any xz,y € I,
T T T T T T
H(SZ'RO,T - 6yRO,T”TV - H5$R0,T7t0RT7t0,T - 5yRO,T7tORT7t0,T”TV
< (1 —cco) H(SZBR(%:T—tO - 5yR(7):T—t0”TV <.

<(1- CCO)LT/tOJ H(SmRoT,Tfto |T/to] — 5yR0T,T7t0 |T/to ] v
2(1— cco)LT/tOJ .

IN

Therefore, by Lemma we have proved that there exist constants C,~y > 0 such that,
for all probability measures 71, m on N*,

P (X €|t <Ty) —Pry(Xi €|t <T)|lry < Ce™ 7, Vt>0. (2.32)

Given two quasi-stationary distributions v and v/, the last inequality applied to 7 = v
and 9 = v/ implies the uniqueness of the quasi-stationary distribution. Let us now prove
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the existence of a quasi-stationary distribution. By Proposition this is equivalent to
prove the existence of a quasi-limiting distribution for X, so we only need to prove that
P, (X: € - | t < Tp) converges when t goes to infinity, for some x > 1. We have, for all
s,t>0and x > 1,

o 0p Pyys o 0y P Ps _ 6$R8,5Pt
5uPrroln- 0, Pi Py 0, Ry, Py

= ]P)‘;ZRS,S (X e ’ t <Tp).

Pw(Xt+3€"t+S<T0)

Hence,

”Px(Xt S ’ t < Tg) — PI(Xt+5 S | t+s< TO)HTV
= ||Px(Xt S | t < To) — PéxRS,s(Xt S ‘ t < TO)HTV
<2(1 = ceo)tol — 0.
s,t——+00
Therefore, the sequence (Py(X: € - | t < Tp))t>0 is a Cauchy sequence for the total

variation norm, hence converges when t goes to infinity to some probability measure v
on F, which is a quasi-limiting distribution, hence a quasi-stationary distribution.

Finally (2.29)) follows from (2.32)) with 7 = 7 and 79 = v. O]
Theorem has the following converse.

Theorem 2.26 (van Doorn [40]). A non-explosive birth and death process with almost
sure extinction (Xi)i>0 admits a unique quasi-stationary distribution if and only if it
comes down from infinity.

We do not give the proof of this result here. Instead, we prove a weaker converse
statement.

Theorem 2.27. A non-explosive birth and death process with almost sure extinction
(Xt)e>0 admits a unique quasi-stationary distribution v such that, for all probability mea-
sure ™ on N*,

IP.(X¢ €|t <To)—v|ry <Ce™ M, Vt>0 (2.33)

for some constants C,~v > 0, if and only if it comes down from infinity.

Proof. One implication is given by Theorem so let us assume and that (X¢):>0
does not come back from infinity, and try to reach a contradiction. By definition of the
property of coming down from infinity, we have that, for all ¢ > 0 and y > 1, P (T}, >
t) = 1. Let us choose t > 0 such that Ce™ 7" < 1/3 and yo such that v({1,...,y0}) > 2/3.
It then follows from that, for all y > 1,

Py(Xe < yo) 2 Py(Xe Swo |t <Tp) 21/3.

This is impossible since limy_; o Py(X; < 30) = Poo (Xt < 30) = 0. O
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3 Scaling Limits for Birth and Death Processes

If the population is large, so many birth and death events occur that the dynamics
becomes difficult to describe individual per individual. Living systems need resources
in order to survive and reproduce and the biomass per capita depends on the order of
magnitude of these resources. We introduce a parameter K € N* = {1,2,...} scaling
either the size of the population or the total amount of resources. We assume that the
individuals are weighted by %

In this section, we show that depending on the scaling relations between the population
size and the demographic parameters, the population size process will be approximated
either by a deterministic process or by a stochastic process. These approximations will
lead to different long time behaviors.

In the rest of this section, we consider a sequence of birth and death processes Z¥
parameterized by K, where the birth and death rates for the population state n € N
are given by Ax(n) and ug(n). Since the individuals are weighted by %, the population
dynamics is modeled by the process (X/<,t > 0) € D(R,,R) with jump amplitudes j:%
and defined for t > 0 by
_ztf
= 5
This process is a Markov process with generator
1 1
Lig(x) = A (Kw) (¢(w + 52) = 6(2)) + pc (Kz) ((x — 72) — d(x)). (32)

Therefore, adapting Proposition [2.5|and Theorem 2.6} one can easily show that if Mg (n) <
An (uniformly in K) and if

XK (3.1)

sup E((Xg")?) < 400, (3.3)
K
then
sup E(sup(X/)3) < 400, (3.4)
K t<T

and for any K € N*, the process
1 t

ME = XE - XE - = [ O(ZE) = pue(Z))as (35)
0
is a square integrable martingale with quadratic variation
1 t
)= g2z [ O (Z) + (2 (36

3.1 Deterministic approximation - Malthusian and logistic Equations

Let us now assume that the birth and death rates satisfy the following assumption:
Ak (n) =nA (%) s wr(n) =np (%) , where the functions
A and o are non negative and Lipschitz continuous on R,

Ma) <A 5 pla) <l +a). (3.7)

We will focus on two particular cases:
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The linear case: Ag(n) =n\ and px(n) = nu, with A\, u > 0.
The logistic case: Ag(n) =nX and pg(n) =n(u+ %n) with A, u, ¢ > 0.

By (3.3)), the population size is of the order of magnitude of K and the biomass per capita
is of order % This explains that the competition pressure from one individual to another
one in the logistic case is proportional to %

We are interested in the limiting behavior of the process (X[, ¢ > 0) when K — co. We
are actually going to prove two versions of the next result.

Theorem 3.1 (Ethier and Kurtz [17]). Let us assume (3.7), that M(z) < p(z) for all x
large enough and that the sequence (X(?)K converges a.s. to a real number xg. Then for
any T > 0, the sequence of processes (XtK,t € [0,T]) constructed as in Proposition
from two given Poisson processes (Pi(t))i>0 and (Pa(t))t>0, converges in probability for
the L>°([0,T]) norm to the continuous deterministic function (z(t),t € [0,T]) solution of
the ordinary differential equation

'(t) = () (M= (t) — p(x(t))) ;2(0) = zo. (3.8)
In the linear case, the limiting equation is the Malthusian equation

2(t) = 2(t) (A — ).

In the logistic case, one obtains the logistic equation

2(t) =x(t)(\— pu— cx(t)). (3.9)

These two equations have different long time behaviors. In the Malthusian case, depend-
ing on the sign of A — u, the solution of the equation tends to +oo or to 0 as time goes
to infinity, modeling the explosion or extinction of the population. In the logistic case
and if the growth rate A — u is positive, the solution converges to the carrying capacity
— K
e
size.

> 0. The competition between individuals yields a regulation of the population

Proof. We first make the proof assuming that x +— xzA(z) and z — zu(z) are bounded
and globally Lipschitz functions on Ry. The extension to the general case will be done
afterwards. Using the construction of Proposition for all K > 1,

1 ¢ 1 t
XK = xE + =P (K/O XSK)\(XSK)ds> - =P <K/0 XSK,u(XSK)ds) , Vt>0.

Introducing Py(t) = Pi(t) — t and Py(t) = Py(t) — t the compensated Poisson processes,
we obtain

t 1 ~ t 1 ~ t
XK= X§<+/ F(XEyds + b (K/ XSKA(XSK)dS> - =P <K/ XSKM(XSK)d5> ,
0 0 0
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where F(x) = z(A(z) — p(x)). Therefore, introducing M such that z +— zA(z) and
x +— zpu(x) are bounded by M and M-Lipschitz, for all ¢t < T,

IXf—x@hﬂXf—wmﬂ+/\ﬂX5%— ()Wk+;hgg%ﬁﬂﬁwﬂ+ﬁﬁ®@
< X — a0+ 01 [ X = atolids + s IR+ P01}

Therefore, the result follows from Gronwall’s lemma and the next lemma.

Lemma 3.2. For any Poisson process (P(t))i>o0 and for all a > 1/2,

1
— sup |P(t)—t| —— 0 a.s.
ne te[0,n] n—+00

This result will be proved after the current proof.
We now consider the general case, where the functions x — z\(z) and x — zu(z)
are only locally bounded and locally Lipschitz on R;. Since we assume that A(z) < u(x)

for all > x1, the solution x(¢) to (3.10|) remains smaller that max{z(0),x1}. So let us
define z = 1 + max{z(0),z;} and

- {)\(:U) if x <z, Alz) = {,u(:n) if x <z,

Az) =9 2 o ; .
ZA(z) otherwise, Zu(z) otherwise.

The first part of the proof applies to the processes (X/ )t>0 constructed from the functions
A and fi and the Poisson processes (Pi(t))i>0 and (P%(t))i>0. Hence, for any 7' > 0,
SUPye(o, 7] | X5 — Z(t)| = 0 when K — 400 and

#'(t) = 2()(M@(t) — Az (1)), 2(0) = (0).
) =

Since \(z) < p(x) for z > x1, we have z(t) = z(t) < z — 1 for all ¢t > 0. In addition,
for K large enough so that sup,cp 7 | XK — z(t)] < 1, we have SUPye(0,7] X[J < z. Since

Az) = AMz) and fi(z) = p(z) for all z < Z, we deduce that X/ = XK for all ¢t € [0,T).
Combining these two facts, we deduce that

sup | XK —z(t)) —— 0 a.s.,
te[0,T] K—+o0
which ends the proof of Theorem [3.1] O

Proof of Lemma[3.3. Using the Laplace transform of P(t) —t and Chebychev’s exponen-
tial inequality, we obtain that, for all v > 0 and £ > 0,

B(P(t) — t > £) < e “E[exp(y(P(t) — )] = explt(e” — 1 — ) — 7e].

Taking the infimum of the right-hand side with respect to v > 0, we obtain

66

PP() —t> ) < 7y

Similarly,

—€

(&

P(P(t) —t > —¢) < W

27



Now, we fix 1/2 < a < 1 and take € = t*. We deduce that

el” et
P(|P(t) —t| > t%) <
(‘ ( ) ‘ ) — (1 + 1/t17a)t+t°‘ + (1 _ 1/t17a>t7t0‘

and one then checks that, when t — +o0,
2a—1

2

P(|P(t) —t| > t*) < 2exp (— + O(t3°‘_2)> .

Since the right-hand side is sommable w.r.t. ¢ € N*, Borel-Cantelli Lemma implies that

[P(n) —nl
sup <00 a.s.
neN* ne

Since P(t) is non-decreasing, P([t]) — |t] — 1 < P(t) —t < P(]t]) — [t] + 1 for all ¢ > 1.
Hence
|P(t) — |

sup ————— < o0 a.s.
t€R+ (t \ 1)0&

Therefore, for all n > 0,

1 P(t) —t
sup [P(t) — ) <~ sup PO 1

0 as. O
not te[0,n] n'l te[0,n] (t v 1)a n—+00 e

Theorem [3.1] gives strong convergence (almost sure convergence for the L* norm) of
the birth and death process to a deterministic limit. We also state and prove another
version giving convergence in law because it will allow us to explain in detail a general
method applying to much more general situations to which the method of Theorem
does not apply (see for example Section .

Theorem 3.3. Let us assume , and that the sequence (X{*)k converges in
law (and in probability) to a real number xy. Then for any T > 0, the sequence of
processes (X[t € [0,T]) converges in law (and hence in probability), in D([0,T],R,), to
the continuous deterministic function (x(t),t € [0,T]) solution of the ordinary differential
equation

2'(t) = 2(t) (M= (t) — p(x(t))) ;2(0) = xo. (3.10)

Proof. The proof is based on a compactness-uniqueness argument. More precisely, the
scheme of the proof is the following;:

1) Uniqueness of the limit.

2) Uniform estimates on the moments (which are given by Proposition .

3) Tightness of the sequence of laws of (X/,¢ € [0,T]) in the Skorohod space. We
will use the Aldous and Rebolledo criterion.

4) Identification of the limit.

Thanks to Assumption (3.7]), the uniqueness of the solution of equation (3.10)) is obvious.
We also have (3.4]). Therefore it remains to prove the tightness of the sequence of laws
and to identify the limit. Recall (see for example [I7] or [25]) that since the processes
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(XE = XE + ME + AEK); are semimartingales, tightness will be proved as soon as we
have

(i) The sequence of laws of (sup,<p |X/*]) is tight,

(i) The finite variation processes (M) and AX satisfy the Aldous conditions.

Let us recall the Aldous condition (see [1]): let (YX)x be a sequence of F;-adapted
processes and 7 the set of stopping times for the filtration (F;);. The Aldous condition
can be written: Ve > 0, Vn > 0, 36 > 0, K such that

sup sup P(Yd - Y| >¢) <.
K>Ko S,8'e1;S<S'<(S+6)AT

Let us show this property for the sequence (A% ). We have

S/
st - afl) < & [ xee) -yt

IN

CE ( /S T (14 (XK >2>ds> by (B7)

IN

CoE <sup(1 + (XSK)2)>
s<T

which tends to 0 uniformly in K as ¢ tends to 0. We use a similar argument for ((M¥))x
to conclude for the tightness of the laws of (X*). Prokhorov’s Theorem implies the rel-
ative compactness of this family of laws in the set of probability measures on D([0, T, R),
leading to the existence of a limiting value Q.

Let us now identify the limit. The jumps of X have the amplitude % Since the mapping
x — supy<p |Az(t)] is continuous from D([0, 7], R) into R4, then the probability measure

@ only charges the subset of continuous functions. For any ¢ > 0, we define on D([0, 7], R)
the function

Yi(x) = 20 — 20 — /0 (AMzs) — plxs)) xsds.

The assumptions yield
|¢e(2)| < C sup(1 + (2)?)
t<T

and we deduce the uniform integrability of the sequence (¢;(X*))f from . The pro-
jection mapping x — x4 isn’t continuous on ([0, 7], R) but since @ only charges the con-
tinuous paths, we deduce that X — ¢4(X) is Q-a.s. continuous, if X denotes the canonical
process. Therefore, since @ is the weak limit of a subsequence of (L(X¥))x (that for
simplicity we still denote £(X*)) and using the uniform integrability of (1¢(X %))k, we
get

Eq(|vr(X)]) = lim E(|yy(X)]) = lim E(|M;]).

But
E(ME)) < (B(ME2)?

tends to 0 by (3.6), (3.7) and (3.4). Hence the limiting process X is the deterministic
solution of the equation

¢
o(t) =0+ [ (@) - ),
0
That ends the proof. O
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3.2 Lotka Volterra models

In the previous section, we have considered the large approximation of an homogeneous
population, where demographic rates are similar for all individuals. We could generalize
our approach to a set of different subpopulations interacting together by considering a
multitype birth and death process ad its large population size approximation.

Let us focus here on the case of two sub-populations characterized by two different types
1 and 2. For i = 1,2, the growth rates of these populations are r; and r9. Individuals
compete for resources either inside the same species (intra-specific competition) or with
individuals of the other species (inter-specific competition). As before, let K be the
scaling parameter describing the capacity of the environment. The competition pressure
exerted by an individual of type 1 on an individual of type 1 (resp. type 2) is given by %
(resp. %) The competition pressure exerted by an individual of type 2 is respectively

given by % and <22

K
By similar arguments as in Subsection 3.1, one can prove that the large K-approximation
of the population dynamics is described by the well known competitive Lotka-Volterra
dynamical system. Let x1(t) (resp. x2(t)) be the limiting renormalized 1-population size
(resp. 2-population size). We get

{ #4(1) = 1(1) (1 — en (1) = e wa(t));
’2 =

x (t) = :I?g(t) (7“2 — C21 1 (t) — C22 T2 (t))

This system has been extensively studied and its long time behavior is well known. Let
us assume that ciicoo — c1oc91 # 0. Then there are 4 possible equilibria: the unstable
equilibrium (0,0), two trivial equilibria (z1,0) = (Z-,0), (0,Z2) = (0, 22) and a non-
trivial equilibrium (27, z%) given by

. The parameters c;; are assumed to be positive.

(3.11)

gF o 2T rC . T2C1 T e
1 — y M2 T :
C11C22 — C12C€21 C11C22 — C12€21

Of course, the latter is possible if the two coordinates are positive. The asymptotic
behavior of (3.11]) is given by the next result.

Proposition 3.4. (i) Any solution to (3.11) with initial condition in ]R?F converges to a
finite equilibirum of ([B3-11)) in R% when t — 4o00.

(ii) The equilibrium (z1,0) is locally asymptotically stable if
rac1y — rica < 0,
It is globally asymptotically stable and attracts all the initial conditions in R x RY
! roc1y —rico1 <0 and ricee — rocie > 0. (3.12)

(iii) The system (B.11)) admits a unique non-trivial equilibrium in (R*)? if and only if

(?”2(311 — Tlcgl)(T‘1622 — 7”2612) > 0. (313)
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It is unstable if
roci1 —rico1 < 0 and ricoe — rocio < 0. (3.14)

It is globally asymptotically stable and attracts all the initial conditions in (]Rj_)2 if
roci1 —rico1 > 0 and rices — rocia > 0. (315)

Proof. To prove (i), we divide Ri according to the sign of 1 and @9: % is positive under
the line 71 — ¢1121 — c1o22 and o9 under the line ro — co121 — co9xo. Each of these two
lines cut the coordinate axes at nonnegative coordinates. In particular, there exists a
non-trivial equilibrium in (Ri)2 iff the two lines cut at a point with coordinates having
the same sign, hence if and only if is satisfied.

We obtain four possible configurations shown in Fig. [I| where the small arrows rep-
resent the direction of the flow. Fig. [l| (a) corresponds to the case roci; — r1c91 < 0 and

(a) (b)

Z2

A

I

X1 X1 T

Figure 1: Possible configurations for the signs of & and &9 for the system (3.11)).

ricee — 1roc12 > 0, Fig. (b) to the case roc11 — r1c21 > 0 et ricee — ra2ci2 < 0, Fig. (¢) to
the case roc11 —ric21 < 0 and 71192 — racio < 0, and Fig. (d) to the case rocip —r1c21 > 0
and ricoo — r9c12 > 0. Cases where one of these quantities is zero correspond to cases
where the two lines intersect on one of the coordinate axes, and the two lines are equal if
and only if T2C11 — T1C21 = T'1C22 — T'2C12 = 0.

Consider now any solution to in each of the cases (a) to (d). If this solution
starts in the domain where ©; < 0 and %2 > 0, looking at the signs of the derivatives of
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x1 and xo at the boundary, we see that the solution cannot exit from this domain. Hence
its two coordinates are monotonous and converge to some limit. A similar result holds if
the solution starts from the domain where 1 > 0 and 25 < 0. When the initial condition
satisfies £1(0) > 0 and #2(0) > 0, the solution can either stay in this domain forever (and
then converge as a monotonous function time), or leave it after a finite time and reach
one of the first two domains considered above, where the solution will remain forever and
converge to some limit. A similar situation holds if the initial condition satisfies 1 (0) < 0
and @2(0) < 0. This ends the proof of (i).

To prove (ii), we first observe that (i) implies that any solution to is bounded.
Since

x1(t) = x1(0) exp (/Ot(rl —c11x1(s) — 012x2(s))ds>
x2(t) = x2(0) exp (/Ot(rg —ca171(8) — CQQ.’EQ(S))dS) ,

we deduce that z1(¢) and x2(t) never reach zero if 21(0) > 0 and x2(0) > 0.

Computing the Jacobian matrix of the system, it is easy to see that the linear criterion
of local stability for the equilibrium (z1,0) is r9¢11 — r1c21 < 0, and the equilibrium is
unstable if roc11 — 1021 > 0. This gives the first part of (ii).

To prove the global asymptotic stability of (z1,0) under condition , we first
notice that, because of criterion , the non-trivial equilibrium does not belong to
(R*)? in this case. Hence any solution to must converge to either (z1,0) or (0, Z2)
(except when the initial condition is 0). To end the proof of (ii), It therefore suffices to
prove that no solution started from (]R";)2 can converge to (0, Zz). Since ricog —racia > 0,
#1 > 0 at all point close enough to (0,Z2) with 1 > 0. Since we have proved that no
solution started from (R*)? can hit the axis {z1 = 0}, the proof of (ii) is completed.

We now come to the proof of (iii). We already proved that is equivalent to the
existence of the non-trivial equilibrium (27, x3), so let us assume (3.13). The Jacobian
matrix of the system at (z7,x3) is

( “enayp et > (3.16)

* *
—0211}2 —022332

Its determinant (ci1c22 — ci2c21)xioh is striclty negative if c11c22 — c12¢21 < 0. So in
this case, the Jacobian matrix has a positive eigenvalue and the equilibrium is unstable.
Because of the expression of (z3,x3), this case is equivalent to Condition (3.14]).

If holds true, as was proved in (ii), a solution to M started from (]Ri)2
cannot converge to (0,0), (Z1,0) or (0,Z2). By (i), this solution must converge to an
equilibrium so it must be (z¥, z%), which ends the proof of (iii). O

One could extend (3.11) to negative coefficients c¢;;, describing a cooperation effect of

species j on the growth of species i. The long time behavior can be totally different.

For example, the prey-predator models have been extensively studied in ecology (see [22],

Part 1). The simplest prey-predator system

{ 2y (1) = 21(t) (r1 = iz @2(0));
x

(3.17)
(t) = x2(t) (co1 21 () — 12),

NS =S
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with 71,79, 12,21 > 0, has periodic solutions.

Of course, we could also study multi-dimensional systems corresponding to multi-type
population models. In what follows we are more interested in modeling the case where
the types of the individuals belong to a continuum. That will allow us to add mutation
events where the offspring of an individual may randomly mutate and create a new type.

4 Population Point Measure Processes

We are now interested in the mathematical modeling of Darwinian evolution. Even if the
evolution appears as a global change in the state of a population, its basic mechanisms,
mutation and selection, operate at the level of individuals. Consequently, the evolving
population is modeled as a stochastic system of competing individuals (sharing limited
resources). Each individual is characterized by a vector of phenotypic trait values, herita-
ble except when mutation occurs. The trait space X is assumed to be a compact subset
of R%, for some d > 1. The population is described by a random point measure with
support on the trait space.

We will denote by Mp(X) the set of all finite non-negative measures on X. Let M be
the subset of Mp(X) consisting of all finite point measures:

M= {Zém, n>0,%1,..,T, € X}.
=1

Here and below, §, denotes the Dirac mass at x. For any p € Mp(X) and any measurable
function f on X, we set (i, f) = [5 fdpu.

We wish to study the stochastic process (Y, t > 0), taking its values in M, and describing
the distribution of individuals and traits at time ¢. We define

Ny
=1

N; = (Y;,1) € N standing for the number of individuals alive at time ¢, and X}/, ..., XtNt
describing the individuals’ traits (in X).

We assume that the birth rate of an individual with trait = is b(z) and that for a popula-
tion v = vazl 04i, its death rate is given by d(z,C * v(x)) = d(=, Zfil C(x — z')). This
death rate takes into account the intrinsic death rate of the individual, depending on its
phenotypic trait x but also on the competition pressure exerted by the other individuals
alive, modeled by the competition kernel C. Let p(z) and m(z, z)dz be respectively the
probability that an offspring produced by an individual with trait = carries a mutated
trait and the law of this mutant trait.

Thus, the population dynamics can be roughly summarized as follows. The initial pop-
ulation is characterized by a (possibly random) counting measure vy € M at time 0,
and any individual with trait = at time ¢ has two independent random exponentially dis-
tributed “clocks”: a birth clock with parameter b(z), and a death clock with parameter
d(z,C x Yi(x)). If the death clock of an individual rings, this individual dies and disap-
pears. If the birth clock of an individual with trait x rings, this individual produces an
offspring. With probability 1—p(x) the offspring carries the same trait x; with probability
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p(z) the trait is mutated. If a mutation occurs, the mutated offspring instantly acquires
a new trait z, picked randomly according to the mutation step measure m(z, z)dz. When
one of these events occurs, all individual’s clocks are reset to 0.

We are looking for a M-valued Markov process (Y;):>0 with infinitesimal generator L,
defined for all real bounded functions ¢ and v € M by

N

Lo(v) = Z b(z")(1 = p(z")(d(v + 6,1) — ¢(v))

X |
£ 30w plat) [ 60+, — o0)mla )z

i=1 X
N

£ 3 d@, C @) (6 — 6,0) — 6)). (42)
i=1

The first term in (4.2]) captures the effect of births without mutation, the second term
the effect of births with mutation and the last term the effect of deaths. The density-
dependence makes the third term nonlinear.

4.1 Pathwise construction

Let us justify the existence of a Markov process with infinitesimal generator L. The
explicit construction of (Y:):>o also yields two side benefits: providing a rigorous and
efficient algorithm for numerical simulations (given hereafter) and establishing a general
method that will be used to derive some large population limits (Section [5)).

We make the biologically natural assumption that the trait dependency of birth param-
eters is “bounded”, and at most linear for the death rate. Specifically, we assume

Assumption 4.1. There exist constants b, d, C, and o and a probability density function
m on R? such that for each v = Zf\; 04 and for x,z € X, ( € R,

These assumptions ensure that there exists a constant 6, such that for a population
measure v = Zf\; 19,1, the total event rate, obtained as the sum of all event rates, is
bounded by CN(1+ N).

Let us now give a pathwise description of the population process (Y;):>9. We introduce
the following notation.

Notation 1. Let N* = N\{0}. Let H = (H',..., H*,...) : M (RY)YN" be defined by
H(O M 0g,) = (To(1)s s Ta(n), 05 -+, 0, ...), where o is a permutation such that z,(;) =
co R Ty(ny, for some arbitrary order < on R¢ (for example the lexicographic order).
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This function H allows us to overcome the following (purely notational) problem. Choos-
ing a trait uniformly among all traits in a population v € M consists in choosing i
uniformly in {1,...,(r, 1)}, and then in choosing the individual number i (from the arbi-
trary order point of view). The trait value of such an individual is thus H'(v).

We now introduce the probabilistic objects we will need.

Definition 4.1. Let (0, F, P) be a (sufficiently large) probability space. On this space,
we consider the following four independent random elements:

(i) a M-valued random variable Yy (the initial distribution),

(ii) independent Poisson point measures Ny(ds,di,df), and N3(ds,di,df) on Ry x N* x
R™, with the same intensity measure ds (Zkzl 6k(di)) df (the “clonal” birth and

the death Poisson measures),

iii) a Poisson point measure Na(ds,di,dz,df) on Ry x N* x X x RT, with intensit
p ) ) + Y

measure ds (Zk>1 0r(di) ) dzdf (the mutation Poisson point measure).

Let us denote by (Fi)i>0 the canonical filtration generated by these processes.

We finally define the population process in terms of these stochastic objects.

Definition 4.2. Assume (H). An (F:)t>0-adapted stochastic process v = (Yz)¢>0 is called
a population process if a.s., for all t > 0,

Y=Y+ / Ori(ve) Mis(vie 1) oo vy a—p(ari(ve )y N1 (ds, di, df)
[0,t] x N* xR+
+/ 0,1 o 1 i(Y,_ W(Ye_)) m(H (Ys_ ),z No(ds,di,dz,df
ot s OO0} HOSUE e (e mti (v 2 V2 )

—/[Ot] _— S v,y Yi<(veo )y Y {o<d(mi (v, ), 0y, (H (v, )} V3 (ds, di, df) — (4.3)
X IN* X

Let us now show that if Y solves (4.3]), then Y follows the Markovian dynamics we are
interested in.

Proposition 4.3. Assume Assumption holds and consider a solution (Yi)i>o0 of
such that E(sup,<p(Yy, 1)?) < +o00, VT > 0. Then (Y;)i>0 is a Markov process. Its
infinitesimal generator L is defined by . In particular, the law of (Yi)i>0 does not
depend on the chosen order <.

Proof. The fact that (Y;);>0 is a Markov process is classical. Let us now consider a

measurable bounded function ¢. With our notation, Yy = 21{3:’017” Ori(yvy)- A simple

computation, using the fact that a.s., ¢(¥z) = ¢(Yo) +> <4 (¢(Ys— + (Y5 —Ys-)) —0(Ys-)),
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shows that

o0 =000) + [ (60t )~ 905) Loy

Lio<o(mi(veo))(1-p(Hi(v._)))y N1(ds, di, db)
+/ (d(Ys— +62) — d(Ys-)) Li<ivi_ 1)}
[0,t] xN* x X xR+
L{o<b(Hi (Voo ))p(HI (Yam)) m(HI (Y- ),2)} N2 (ds, di, dz, df)
+/ (p(Yse = Opriy, y) — ¢(Yso)) Lii<qv, 1}
[0,£] xN* xR+
Lo<d(ii (veo).Cxvao (mi(veo)))yV3(ds, di, dB).

Taking expectations, we obtain

O(Ys +62) — oY) b(H' (Ye))p(H' (V) m(H'(Ys), 2)dz

+
T

(01 = b)) = (V) AU (), Yo (Y2) ) s
Differentiating this expression at ¢t = 0 leads to . O

Let us show the existence and some moment properties for the population process.

Theorem 4.4. (i) Assume Assumption holds and that E ((Yp,1)) < oco. Then the
process (Yi)i>o defined in Definition [4.9 is well defined on R

(ii) If furthermore for some p > 1, E ((Yp, 1)P) < oo, then for any T < oo,

E( sup (Y;, 1)?) < +oc. (4.4)
te[0,7

Proof. We first prove (ii). Consider the process (Y;):>0. We introduce for each n the stop-
ping time 7, = inf {t > 0, (Y;,1) > n}. Then a simple computation using Assumption
shows that, dropping the non-positive death terms,

sup (Y5, 1)" < (¥p, 1) +/ ((Yee, D)+ 1)P = (Ysor, DP) 1<y, 1y
SE[0,tATR] [0,tATR] X N* xR+

Lo<o(ri(veo)) (1—p(ri(vs_ )} V1(ds, i, dB)
+ [ (¥ 1)+ 107 = (V5 ) Lz
[0,t] X N* x X xR+

L{o<b(Hi (Yoo )p(Hi (Yoo ) m(Hi (Y ),2)} V2 (ds, di, dz, df).
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Using the inequality (1+x)P —2P < C,(1+2P~1) and taking expectations, we thus obtain,
the value of C}, changing from one line to the other,

E( sup (Y, 1)P) <G, (1 +E </Own b((Ye,1) + (Y, 1>p)ds)>

SE[0,tATR]
t
<6, (145 ([ @+ tinamas)).
0

The Gronwall Lemma allows us to conclude that for any 1" < oo, there exists a constant
Cp1, not depending on n, such that

E( sup (V;,1)P)<Cpr. (4.5)
te[0,TAy)
First, we deduce that 7, tends a.s. to infinity. Indeed, if not, one may find a Ty < oo
such that ey, = P (sup,, 7, < Tp) > 0. This would imply that E (supte[ojo/wn] (Yz, 1>p> >
er,n? for all n, which contradicts . We may let n go to infinity in thanks to
the Fatou Lemma. This leads to (4.4)).

Point (i) is a consequence of point (ii). Indeed, one builds the solution (Y;);>¢ step by
step. One only has to check that the sequence of jump instants T}, goes a.s. to infinity as
n tends to infinity. But this follows from (4.4) with p = 1. O

4.2 Examples and simulations

Let us remark that Assumption [4.1]is satisfied in the case where

d(z,Cxv(z)) =d(z) + ax) /X C(z —y)v(dy), (4.6)

and b, d and « are bounded functions.

In the case where moreover, p = 1, this individual-based model can also be interpreted as a
model of “spatially structured population”, where the trait is viewed as a spatial location
and the mutation at each birth event is viewed as dispersal. This kind of models have been
introduced by Bolker and Pacala ([5,16]) and Law et al. ([34]), and mathematically studied
by Fournier and Méléard [19]. The case C' =1 corresponds to a density-dependence in
the total population size.

Later, we will consider the particular set of parameters leading to the logistic interaction
model, taken from Kisdi [30] and corresponding to a model of asymmetric competition:

X=1[0,4, dz)=0, a@)=1 p=)=p,
2 1
blz)=4-2, Clz-y)= K <1 1412 exp(—4(x — y))>

2

(4.7)

and m(zx,z)dz is a Gaussian law with mean z and variance ¢ conditioned to stay in
[0,4]. As we will see in Section |5, the constant K scaling the strength of competition
also scales the population size (when the initial population size is proportional to K). In
this model, the trait = can be interpreted as body size. Equation means that body
size influences the birth rate negatively, and creates asymmetrical competition reflected
in the sigmoid shape of C' (being larger is competitively advantageous).
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Let us give now an algorithmic construction of the population process (in the general
case), simulating the size N; of the population and the trait vector X; of all individuals
alive at time t.

At time t = 0, the initial population Yy contains Ny individuals and the corresponding
trait vector is Xo = (X{)1<i<n,- We introduce the following sequences of independent
random variables, which will drive the algorithm.

e The type of birth or death events will be selected according to the values of a
sequence of random variables (Wj)gen+ with uniform law on [0, 1].

e The times at which events may be realized will be described using a sequence of
random variables (73)ren with exponential law with parameter C'.

e The mutation steps will be driven by a sequence of random variables (Zy)xen with
law m(z)dz.

We set Ty = 0 and construct the process inductively for k£ > 1 as follows.
At step k — 1, the number of individuals is N;_1, and the trait vector of these individuals
is XTk71 .

Let T, =Tp_1 + Tk . Notice that Tk

Np—1(Ng—1 +1) R Ni_1(Ng—1 + 1)
tween jumps for Ni_; individuals, and C(Nj_; + 1) gives an upper bound of the total
rate of events affecting each individual.

represents the time be-

At time T}, one chooses an individual i = ¢ uniformly at random among the N;_; alive in
the time interval [T}_q, T} ); its trait is Xr .- (If Ny_1 =0then Y; =0 forall t > Tj_1.)

axi YhroxEs - x5 ) ,
o IfO<W, < Teonr 2= Ty Tem1”” Wi (Xr,_, ), then the chosen in-
C(Nk,1 + 1)
dividual dies, and N, = Njp_1 — 1.

o If Wi(Xg,_,) < Wi < Wi(Xg,_,), where

Z. Z. - p(X5, (X, )
W2(XTk—1) - Wl (XTk—l) + C(Nk—l T 1) s

then the chosen individual gives birth to an offspring with trait X%kq’ and Ni =
N1+ 1.

o If Wi(Xr, ) < Wi < Wi(Xq,_,, Zx), where

‘ A PG, J(XE,_ym(Xh, .\ Xh |+ 7))
W?Z(Xkauzk) = WQz(XTkil) + 4.5 Ajjkfl Tp—1’ " Th ’
Cm(Zy)(Nk-1+1)

then the chosen individual gives birth to a mutant offspring with trait erpk_l + Z,
and N, = Np_1 + 1.

o If Wy > Wi(Xr, ,,Z), nothing happens, and Ny = Ni_1.
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(c) p=0.03, K = 100000, o = 0.1.

(d) p = 0.00001, K = 3000, o = 0.1.

Figure 2: Numerical simulations of trait distributions (upper panels, darker means higher
frequency) and population size (lower panels). The initial population is monomorphic
with trait value 1.2 and contains K individuals. (a—c) Qualitative effect of increasing the
system size (measured by the parameter K ). (d) Large system size with rare mutations
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Then, at any time ¢t > 0, the number of individuals and the population process are defined
by

= Z 1{Tk§t<Tk+l}Nk’ Z 1{Tk<t<Tk+1} Z 5X

k>0 £>0

The simulation of Kisdi’s example can be carried out following this algorithm. We
can show a very wide variety of qualitative behaviors depending on the value of the
parameters o, p and K.

In Figure [2| the upper part gives the distribution of the traits in the population at any
time, using a grey scale code for the number of individuals holding a given trait. The
lower part of the simulation represents the dynamics of the total population size V.
These simulations will serve to illustrate the mathematical scalings described in Section 5]
In Fig. 2 (a)—( ¢), we see the qualitative effect of increasing scalings K, from a finite trait
support process for small K to a wide population density for large K. The simulation
(d) illustrates the case of rare mutations in a longer time scale, studied in Section @
Although issued from the same individual system, these simulations show very different
qualitative behaviors. The end of the notes will be devoted to the mathematical study of
these asymptotics.

4.3 Martingale Properties

The martingale properties of the process (Y;);>0 are the key point of our approach.
Theorem 4.5. Suppose Assumption[{.1|holds and that for some p > 2, E ((Yp, 1)) < oco.

(i) For all measurable functions ¢ from M into R such that for some constant C, for all
veM, o)+ |Lo(v)| < C(1+ (v, 1)), the process

6(¥;) — 6(¥0) — / Lé(Yy)ds (48)

is a cadlag (Ft)t>0-martingale starting from 0.

(ii) Point (i) applies to any function ¢(v) = (v, f)?, with 0 < ¢ < p — 1 and with f
bounded and measurable on X.

(iii) For such a function f, the process

Mf = (Y ) — (Yo f / A (0= o) - de.coviion) s
/ F(2)m(x, = dz} Y, (de)ds (4.9)

s a cadlag square integrable martingale starting from 0 with quadratic variation

(M), = / t / {(@=pansa) — dta.0 Vi) £22)

/ fA(z)m(z, 2 dz} Yy(dz)ds. (4.10)
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Proof. The proof follows the proof of Theorem First of all, note that point (i) is
immediate thanks to Proposition and (4.4). Point (ii) follows from a straightforward

computation using 1’ To prove (iii), we first assume that E ((Yg, 1)3) < o0o. We

apply (i) with ¢(v) = (v, f). This gives us that M7 is a martingale. To compute its
bracket, we first apply (i) with ¢(v) = (v, f)* and obtain that

Vi 1) — (Yo, f //{( Db(a) (F2(@) + 2f (x) (Yar £))
T d(e,C * Va(@)) (2 () — 2f(2) (e, f>)>
pa) [ () + 26 Ve 1) mia z)dz}&@(daz)ds (4.11)

is a martingale. On the other hand, we apply the It6 formula to compute (Y, f>2
from (4.9). We deduce that

i1 = 17 = [ 200) [ {(0=ptebto) - do. v ) o)
/f m(z, 2 dz} Yy (dx)ds — (M), (4.12)

is a martingale. Comparing (4.11]) and ( - ) leads to ( . The extension to the case
where only F <<YO, ) < o0 is stralghtforward by a localization argument, since also in

this case, E((M7);) < oo thanks to (4.4) with p = 2. O

5 Scaling limits for the individual-based process

As in Section 3, we consider the case where the system size becomes very large. We scale
this size by the integer K and look for approximations of the conveniently renormalized
measure-valued population process, when K tends to infinity.

For any K € N*, let the set of functions Ck, b, d, m, p satisfy Assumption Let
X be the counting measure of the population at time t. We define the measure-valued
Markov process (X/<);>o by

1

K K

Xt ==Y".

As the system size K goes to infinity, we need to assume the

Assumption 5.1. The parameters Ck, b, d, m and p are continuous, ¢ — d(z,() is
Lipschitz continuous for any x € X and

A biological interpretation of this renormalization is that larger systems are made up of
smaller individuals, which may be a consequence of a fixed amount of available resources
to be partitioned among individuals. Indeed, the biomass of each interacting individual
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scales like 1/K, which may imply that the interaction effect of the global population on
a focal individual is of order 1. The parameter K may also be interpreted as scaling the
amount of resources available, so that the renormalization of Ck reflects the decrease of
competition for resources.

The generator LX of (YK )t>0 is given by 1' with Ck instead of C. The generator
LE of (X[);>¢ is obtained by writing, for any measurable function ¢ from Mp(X) into
R and any v € Mp(X),

LE¢(v) = OB, (9(XI)) =0 = BBk (3(YVS /K))i—o = LE 5 (Kv)
where ¢ (1) = ¢(u/K).

By a similar proof as that carried out in Section we may summarize the moment and
martingale properties of X,

Proposition 5.1. Assume that for some p > 2, E((X&,1)P) < +o0.

(1) For any T > 0, B(supyeozy (XK, 1)?) < +o0.

(2) For any bounded and measurable function ¢ on Mp such that |p(v)| + |LE¢(v)| <
C(1+ (v,1)P), the process

H(X ) — p(xE) — /O LK (X ) ds (5.1)

s a cadlag martingale.

(3) For each measurable bounded function f, the process
M = (X 1) = (X )

/ ] (b(o) = e, € X @) ) XX (dn)is

—/0 /){p(m)b(w)(/){f(z)mf((%z)dz—f(ﬂﬁ))Xf(diU)ds (5.2)

s a square integrable martingale with quadratic variation

(MY, = {/ / (/ P2(2) i, 2)dz — f2(a ))Xf(da:)ds

/ / z) +d(w, 0 X (@ )))fQ(w)Xf(d:c)ds}. (5.3)

Let us make K tend to infinity.

Theorem 5.2. Assume Assumptions and hold.  Assume moreover that
supg E((X{E,1)3) < +o0o and that the initial conditions XIS converge in law and for
the weak topology on Mp(X) as K increases, to a finite deterministic measure &.
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Then for any T > 0, the process (X[);>0 converges in law, in the Skorohod space
D([0,T], Mp(X)), as K goes to infinity, to the unique deterministic continuous function
£ e C([0,T], Mp(X)) satisfying for any continuous f : X — R

1) = (6o, f) / /f [(1 = p(2))b(x) — d((z, C * £4(x))E, (dr)ds

_|_/0 /Xp( </ fz)ym(z, z dz) &s(dx)ds (5.4)

This result is illustrated by the simulations of Fig. [2| (a)—(c)

Proof. We divide the proof in five steps. Let us fix T" > 0.

Step 1 Let us first show the uniqueness of a solution of the equation ([5.4)).

Let us consider two solutions (& );>0 and (&)i>0 of 1' satisfying sup;ejo 1y <§t + &, 1> =
A1 < +00. Recall that the total variation norm is given for pu; and po in Mg by

i —poll = swp | —pa f) - (5.5)
FeL>®RY), || flleo<1

Let f be a bounded measurable function on X such that ||f||cc < 1. We get

(e —a)l < [ | [ o)~ (a0 (1 = plabe) — dlo. C ) S0
x) (/X f(2) m(x,z)dz) ds
+/ &s(d)(d(x, C # (7)) — d(x, C + &5(x))) f(2) | ds. (5.6)
0 R4

Since || f]|oo < 1, for all x € RY,

'((1—29(1‘)5(96)—d(w,C’*gs(x)))f( o) ( [ Fermle,2)dz)| < brd(+Car).

Moreover, d is Lipschitz continuous in its second variable with Lipschitz constant K.
Thus we obtain from ([5.6)) that

t
(& — & f) < [b+d(1 + CAp) + KyArC] /0 € — &5|[ds. (5.7)

Taking the supremum over all functions f such that |[f[|c < 1, and using Gronwall’s
Lemma, we finally deduce that for all t < T, ||{; — &|| = 0. Uniqueness holds.

Step 2 Next, we need some moment estimates on the time interval [0,7], T" > 0. To
this end, we consider (5.2)) with f = 1. Dropping the non-positive death term, using a
localization argument, the assumption supy E((X&,1)?) < +00 and Gronwall’s Lemma

(as in the proof of (2.8))) lead to

supE( sup (X7, 1)%) < o0. (5.8)
K te[0,T]
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Step 3 Recall that My is endowed with the weak topology. To show the tightness of
the sequence of laws Q¥ = £(XX) in P(D([0, T], Mr)), it suffices, following Roelly [39],
to show that for any continuous bounded function f on R?, the sequence of laws of the
processes (XX, f) is tight in D([0, 7], R). To this end, we use the Aldous criterion [I] and
the Rebolledo criterion (see [25]). We have to show that

supE( sup [(X[, f)]) < oo, (5.9)
K te[0,T)

and the Aldous condition respectively for the predictable quadratic variation of the mar-
tingale part and for the drift part of the semimartingales (X%, f).

Since f is bounded, is a consequence of : let us thus consider a couple (S,5")
of stopping times satisfying a.s. 0 < S < 8§ < S+ < T. By the assumptions on the
parameters and , there exist constants C,C’ > 0 such that

S+6

E ((MK’f>S/ - <MK’f>g> < CE </S (XK 1) + (XK 1)2) ds) < 8.

In a similar way, the expectation of the finite variation part of (X é(, Jf) — (XK f) s
bounded by C’6.
Hence, the sequence (Q¥ = L£(XK)) is tight in P(D([0,T], MF)).

Step 4 Let us now denote by @ the weak limit in P(ID([0,T], MF)) of a subsequence
of (Q¥), still denoted by (QX) for convenience. Let X = (X;);>0 a process with law Q.
We remark that by construction, almost surely,

sup sup ‘(th(af>_<XtIS’f>|§1/K
t€[0,T] feL>®(RY),]|f|lw<1

Since, for each f in a countable measure-determining set of continuous functions on X,
the mapping v — sup,<r [(v, f) — (vi—, f)| is continuous on D([0, T], Mr), one deduces
that @ only charges the continuous processes from [0, 7] into Mp.

Step 5 Let us now check that almost surely, the process X is the unique solution
of (5.4). Thanks to (5.8), it satisfies sup,c(o11(Xt,1) < +oc a.s.. Let f be continuous on

For v € C([0,T], MF), denote

W) = (v, ) — (v, f / / d(z, C # vy(x))) — / (2 x(;lcz)?)us(dx)ds.

Our aim is to show that
E (|¥(X)]) =0, (5.11)

implying that X is solution of ( .
By (5 , we know that for each K, M, RS — = Uy (XK). Moreover, 1} implies that for
each K

E (1M 2) =E ((M51),) < CfK (/{XKl (XK 1) }d> Cf,[?;K"’
(5.12)
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which goes to 0 as K tends to infinity, since 0 < 1 < 1. Therefore,

lin (| (X*)]) = 0.

Since X is a.s. strongly continuous (for the weak topology) and since f is continuous
and thanks to the continuity of the parameters, the functions ¥, is a.s. continuous at X.
Furthermore, for any v € D([0, T, MF),

|We(v)| < Cpr sup (1+ (vs,1)?). (5.13)
s€[0,7

Hence the sequence (¥;(X%))x is uniformly integrable by (5.8) and thus

lim B (|9(X™)[) = E (|%:(X)]) = 0. (5.14)

Main Examples:
(1) A density case.

Proposition 5.3. Suppose that &y is absolutely continuous with respect to Lebesque
measure. Then for allt > 0, & is absolutely continuous where respect to Lebesgue
measure and &(dx) = &(x)dx, where &(x) is the solution of the functional equation

O&e(x) = [(1 — p(2))b(x) — d(z, C * &(2))] &(x) + /R L My, 2)p(y)b(y)&(y)dy
(5.15)

forallz € X andt > 0.

Some people refer to & (.) as the population number density.

Proof. Consider a Borel set A of R? with Lebesgue measure zero. A simple com-
putation allows us to obtain, for all ¢ > 0,

(€14 < (€0, 14)) +D /O t /X 1a(2)Es(dx)ds + b /0 t /X /X La(2)m(z, 2)dz€,(dz)ds.

By assumption, the first term on the RHS is zero. The third term is also zero, since
for any z € X, [, 1a(z)m(x, z)dz = 0. Using Gronwall’s Lemma, we conclude that
(&1,14) = 0 and then, the measure & (dx) is absolutely continuous w.r.t. Lebesgue
measure. One can easily prove from that the density function &(.) is solution
of the functional equation . O

(2) The mean field case. The case of structured populations with d(z,C * {(z)) =
d+ aC x &(x) with constant rates b, d, « is meaningful, and has been developed
in a spatial context where the kernel C' describes the resources available (see for
example [30]). In this context, leads to the following equation on the total
mass 1y = (&, 1):

e = (b— dymy — /X Cl = y)(dn)éi(dy), (5.16)
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This equation is not closed in (n;); and presents an unresolved hierarchy of nonlin-
earities. In the very particular case of uniform competition where C' = 1 (usually
called "mean-field case”), there is a ”decorrelative” effect and we recover the clas-
sical mean-field logistic equation of population growth:

oy = (b—d)ny — anf.

(3) Monomorphic and dimorphic cases with no mutation. We assume here that
the mutation probability is p = 0. Without mutation, the trait space is fixed at
time 0.

(a) Monomorphic case: All the individuals have the same trait z. Thus, we
can write X£* = n{f(2)d,, and then XX = nf(z)d, for any time ¢. In this case,
Theorem [5.2] recasts into nf* (x) — ng(z) with & = ny(x)d,, and (5.4)) reads

%nt(az) = ny(z) (b(z) — d(z, C(0)ny(z))), (5.17)

When d(z,C *&(x)) = d+ a C x £(x), we recognize the logistic equation (3.9)).

(b) Dimorphic case: The population consists in two subpopulations of individuals
with traits « and y, i.e. X = nf(2)0, + nf(y)d, and when K tends to infinity,
the limit of X/€ is given by & = ny ()8, + n¢(y)é, satisfying , which recasts
into the following system of coupled ordinary differential equations:

d

(@)= () (b(z)—d(x, C(0)ne(2) +C(z—y)ne(y)))

d

271 W) =n(y) (b(y) = d(y, CO)ne(y) +Cly—z)me(x)))-

When d(z,C x £(z)) = d+ aC x {(z), we obtain the competitive Lotka-Volterra
system defined in Section 3.2. In this case, we recall from Proposition [3.4] that there
are in this case 4 equilibria: (0,0), (7(z),0), (0,72(y)), and a non trivial equilibrium
(i, 13y) € (RY)?.

(5.18)

In what follows, we will describe the invasion of a mutant trait y in a resident population
with trait x. Immediately after its birth, the population’s size issued from the mutant
individual is almost zero and we can neglect it. We may define the invasion fitness of
the mutant trait y in the resident population with trait x . This function approximates
the mutant population growth rate at the beginning of its appearance in the resident
population at equilibrium. It describes the ability of the mutant trait y to invade the
resident population x and is given by

fy;x) = bly) — d(y) — Cly — x)n(x), (5.19)
where 7i(x) is the non trivial equilibrium of the logistic equation (5.17)), given by
_ o blzx) —d(z)
n(x) = c)

Let us remark that f(xz;z) = 0 and that f is actually not symmetric.

Using Proposition [3.4] we can characterize the stability of the equilibria of the system
(5.18) thanks to the sign of the fitness function.
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e (7(x),0) is unstable if f(y;z) > 0 and stable si f(y;z) < 0.
o If f(y;2) >0 and f(x;y) <0, (0,7(y)) is stable (fixation of the trait y).

o If f(y;x) > 0 and f(x;y) > 0, there is a nontrivial and stable equilibrium (coexis-
tence of traits x and y).

6 Limit of rare mutations - Convergence to the trait sub-
station sequence

In this part, we consider the scales of the adaptive dynamics: large population and small
biomass, rare mutations and long mutation time scale.

We will assume that the ecological coefficients impede the coexistence of two traits and
that there is a time scale separation between the ecological fast time scale in which the
population comes back to equilibrium after competition and the mutation time scale
which is much longer. Under these assumptions, the limiting process at the mutation
time scale will be a jump process (see Fig.1 (d)), heuristically introduced in [38] and
rigorously studied in [10], as Trait Substitution Sequence.

Assumption 6.1. The initial population is composed of né< individuals with ng —
n(xo), the nontrivial equilibrium of (5.17) with trait xq.

Assumption 6.2. Invasion implies Fization. Given x € X, a.s. any z € X satisfies one
of the two following conditions: either f(z;x) <0, or f(z;x) >0 and f(x;z) > 0.

Let px be the individual mutation probability, going to 0 when K — oc). Therefore, the
global population mutation rate is of order Kpg, and %pK will represent the mutation
time scale.

We study the asymptotic behavior of (v5, ,t > 0), illustrated by Fig. (d)

Kpp

Theorem 6.1. Assume that Assumptions[{.1], and[6.3 are fulfilled and assume more-
over the following time scale separation: for all C > 0,

1
hK < —— < K. 6.1
Kpk ( )

(where f < g means 5 — 0). Then the process (v5, |t > 0) converges in the sense of
Kpg
finite marginals to a pure jump process (A, t > 0),with values in

My = {ﬁ(w)&m ;o n(x) equilibrium of (5.17) },
and transitions from n(x)d, to n(z)d, at rate

Lf(z;2)]+

78] m(x, z)dz. (6.2)

p(x)b(z) n(z)
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The process (A¢,t > 0) writes Ay = nx,dx,. The process (X¢, ¢t > 0) (with X = z0)
describes the support of (A, ¢t > 0). It is a pure jump Markov process with infinitesimal
generator given by

Ap(z) = /X(W) — ¢(2))p(x)b(w) 7(z) Lf(bz(j;)]+

The process (X, t > 0) is called the Trait Substitution Sequence (TSS).

m(x, z)dz. (6.3)

Let us now give ideas of the proof of Theorem For a detailed proof, we refer to [10].

The main idea is as follows. If mutations are rare, the selection has time to eliminate the
deleterious traits or to fix advantageous traits before a new mutant arrives. The large
population assumption allows us to approximate the birth and death dynamics between
mutations by a deterministic Lotka-Volterra system which is more tractable. That will
allow us to predict the outcome of the competition after a mutant arrival.

One describes the steps of the invasion of a mutant and the stabilization of the population
which follows, with or without fixation of the mutant trait. Let us fix n > 0. Assume that
at ¢ = 0, the population is monomorphic with trait z and that Assumption [6.1]is satisfied.
For t and K large enough, the density process (v/€,1,) belongs to a n-neighborhood of
n(z) with large probability (cf. Theorem [5.2). We need the process to stay in this
neighborhood before the first mutation occurs. We thus use a large deviations result for
exit time of neighborhoods of n(x), stated in Freidlin-Wentzell [20] and Feng-Kurtz [18]:
the time taken by the density process to leave the n-neighborhood of 7(z) is larger than
exp(CK), for some C' > 0, with high probability. Hence, the first mutant will appear with
large probability before the population exits the n—neighborhood of n(z), if one assumes
that - < exp(CK).

Let us now study the invasion dynamics of the mutant with trait z. We will divide this
event in three steps, as described in the figure below and developed in [10].

A
n
_$ : <Vt=1{z}>
e N e ly)
77 ,,,,,,,,,, ,,,,,,,,,,,,,,,,,, AN N
0 0 ta g

First step: Between 0 and ¢1, the number of individuals with mutant trait z is small and
the resident population’s size is close to n(z). Thus the mutant dynamics is close to the
one of a linear birth and death process with rates b(z) and d(z)+C(z —z)n(x). Its growth
rate approximatively equals the invasion fitness f(z;z) = b(z) — d(z) — C(z — x)n(x). If
f(z;2) > 0, the birth and death process is supercritical, and therefore, for large K (see

Section ,

P( the mutant population’s size attains 7))

~ P(the branching process attains 1K)
~ [f(z;2))+
o b(2)

( survival probability).
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Between t; and ts, it is the competition step. When K increases, the density process
(v, 15), (v, 1.)) tends to the solution of the Lotka-Volterra system (5.18). Thus the
population process will attain with large probability a n-neighborhood of the unique
globally asymptotically stable equilibrium n* of in time t9, for small 7.

The third step describes the stabilization of the population. If f(z;2) > 0, so that
invasion of the mutant in the first step has a positive probability (as in the figure above),
then our Assumption implies that f(z;2) < 0, which means that n* = (0,7,) (see
Proposition . As in the first step, we can approximate the density process for trait =
is approximated by a subcritical birth and death process. Thus it will attain 0 in finite
time and only individuals with trait z will remain in the population. Their density will
stabilize around 7n(z) > 0.

If the initial population is of order K, then the time taken for these three steps is of
order In K, which is the order of the expectation of the extinction time for a birth and
death process. Hence, if In K <« K%)K, with a large probability these three phases of
competition-stabilization will happen before a next mutation occurs and we can reiterate
the reasoning after every mutation event.

Thanks to this analysis, we obtain the TSS (A, ¢ > 0) which describes the successive
stationary states and only keeps in its support the favorable mutations. It takes its
values in M. Let us assume that at some time ¢, A; = n(z)d,. If the process belongs
to a p-neighborhood of 7(x), the mutation rate from an individual with trait z is close
to prp(x)b(x)Kn(x). Hence, in the time scale %m, it is approximatively b(z)p(z)n(x).
When a mutation occurs, the mutant trait z is chosen following m(x, z)dz. Its invasion
probability is then approximatively the survival probability of the mutant with trait z in
the resident population, given by % In this case, the process will jump to 7(z)d,.

This explains Formula (6.2)).

7 Canonical equation of the adaptive dynamics

Fig. (d) suggests that, for small mutation jumps, the TSS of Theorem could be
approximated by some continuous process. We will hence add an assumption of small
mutations. In this section, we assume by simplicity that the trait space X is convex and
symmetric. We introduce a mutation law m(z, h)dh, which is symmetric with bounded
three-order moments and a parameter € > 0 which will scale the mutation’s size. Let
H. be the function defined by H.(h) = ch. The distribution of mutant traits from an
individual with trait = is given by m.(z,dh) = (m(x, h)dh) o HZ *.

Under the same assumptions as in the previous section and replacing m by m. in (6.3)),
we obtain the T'SS X¢. To observe a non trivial limit, we need to change the time scale

st
t1n€—2.

Theorem 7.1. The process (X5 ,t > 0) converges in law as € — 0, to the deterministic
2

monomorphic process t — ﬁ(x(ts))éx(t), where x(.) is the unique solution of the ordinary
differential equation

dx 1

S = 3@ f(wa) [ Wmian)dh. (7.1)
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This equation has been heuristically introduced by Dieckmann and Law [14] and is called
canonical equation of the adaptive dynamics. When the mutation law m is not symmetric,
(7.1)) involves the whole measure m, instead of its variance.

Idea of the proof. It is again based on a compactness-uniqueness argument. The process
(X% ,t > 0) has the generator
2

[f(x +eh; )]+

bzt eh) m(z, h)dh. (7.2)

Lpla) = 5 [ (¢l +eh) = pla)pla)blz) ala)

Its uniqueness is obtained by a standard theorem (boundedness of the coefficients). As
f(z;x) =0, and by an expansion of ¢(z + ch) and f(x + ch;x) at order 2 around € = 0,
one can show that

L*p(a) — & pla)n()nf(x;2) / B2m(, b)d (7.3)

The process (X5 ,t > 0) is a semimartingale. Uniform tightness (in ¢) of the laws of
2

(X<,) comes from uniform estimates for the martingale part and for the total variation
part of its decomposition. The characterization of the limiting martingale problem is

deduced from ([7.3]).

8 Appendix : Poisson point measures

In this appendix, we summarize the main definitions and results concerning the Poisson
point measures. The reader can consult the two main books by Ikeda-Watanabe [23] and
by Jacod-Shiryaev [24] for more details.

Definition 8.1. Let (E, &) be a measurable space and p a o-finite measure on this space.
A (homogeneous) Poisson point measure N with intensity u(dh)dt on Ry x E is a (R4 X
E,B(R;)®E&)-random measure defined on a probability space (0, F,P) which satisfies the
following properties:

1. N is a counting measure: VA € BRy)®E, Vw e Q, N(w,g) € NU {+o0}.
Yw € Q, N(w,{0} x E) =0: no jump at time 0.
VA € B(RL) ® &, E(N(A)) = v(A), where v(dt,dh) = pu(dh)dt .

™ o

If A and B are disjoint in B(Ry) ® € and if V(A) < +00,v(B) < 400, then the
random variables N(A) and N(B) are independent.

The existence of such a Poisson point measure with intensity p(dh)dt is proven in [24],
for any o-finite measure p on (E,£).

Let us remark that for any A € £ with u(A) < oo the process defined by
Ni(A) = N(0,4] x A)

is a Poisson process with intensity p(A).
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Definition 8.2. The filtration (F;); generated by N is given by
Fi=0(N((0,s] x A),Vs <t,VA € E).
If A€ (s,t] x € and v(A) < oo, then N(A) is independent of Fi.

Let us first assume that the measure p is finite on (E, £). Then (N¢(E),t > 0) is a Poisson
process with intensity u(E). The point measure is associated with a compound Poisson
process. Indeed, let us write

p(dh)

pu(dh) = p(E) m,

the decomposition of the measure p as the product of the jump rate p(E) and the jump

amplitude law ‘; ((i@))- Let us fix T" > 0 and introduce T1,...,T, the jump times of the
process (Ny(E),t > 0) between 0 and 7. We know that the jump number + is a Poisson
variable with parameter Tu(E). Moreover, conditionally on ~, Ti,...,T,, the jumps

(Un)n=1....~ are independent with the same law ’; ((‘g)). We can write in this case

2l
N(dt,dh) =" &1, v,)-

n=1

Therefore, one can define for any measurable function G(w, s, h) defined on 2 x Ry x FE
the random variable

T 0
/ / G(w, s, h)N(w,ds,dh) = Y G(w, Tn, Uy).
0 E n—1

In the following, we will forget the w. Let us remark that T — f(;‘r [ G(s,h)N(ds,dh)
is a finite variation process which is increasing if G is positive. A main example is the
case where G(w, s, h) = h. Then

Y
XT:/T/hN(ds,dh): > Un=) AX,
0o JE o

=1 s<T

is the sum of the jumps between 0 and T

Our aim now is to generalize the definition of the integral of G with respect to N when
w(E) = 4o00. In this case, one can have an accumulation of jumps during the finite time
interval [0, 7] and the counting measure N is associated with a countable set of points:

N = Za(TmUn).

n>1

We need additional properties on the process G.
Since p is o-finite, there exists an increasing sequence (E),),en of subsets of E such that

w(Ep) < oo for each p and E = U,E,. As before we can define fOT pr G(s,h)N(ds,dh)
for any p.

We introduce the predictable o-field P on QxR (generated by all left-continuous adapted
processes) and define a predictable process (G(s,h),s € Ry, h € E) as a P®E measurable
process.
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Theorem 8.3. Let us consider a predictable process G(s, h) and assume that

E </0T/E \G(s,h)]u(dh)ds) < +o00. (8.1)

1) The sequence of random variables (f(;[ pr G(s,h)N(dsjdh)) is Cauchy in L' and
p

converges to a L'-random variable that we denote by fOT [z G(s,h)N(ds,dh). It’s an
increasing process if G is non-negative. Moreover, we get

(//Gsh dsdh) (//Gsh (dh)d >

2) The process M = (f(;t Jz G(s,h)N(ds,dh) fo Jz G(s,h)u(dh)ds,t < T) is a martin-
gale.
The random measure B

N(ds,dh) = N(ds,dh) — u(dh)ds

is called the compensated martingale-measure of N.

3) If we assume moreover that

E < /O ' /E Gz(s,h)u(dh)ds) < 40, (8.2)

then the martingale M 1is square-integrable with quadratic variation

<M>t:/0t/EG2(s,h)u(dh)ds.

Let us remark that when (8.1)) holds, the random integral fot J G(s,h)N(ds,dh) can be
defined without the predictablhty assumption on H but the martingale property of the
stochastic integral fot [z G(s,h)N(ds,dh) is only true under this assumption.

We can improve the condition under which the martingale (M;) can be defined. The
proof of the next theorem is tricky and consists in studying the L2-limit of the sequence
of martingales f(f I E, G(s, h)]\~f (ds,dh) as p tends to infinity. Once again, this sequence
is Cauchy in L? and converges to a limit which is a square-integrable martingale. Let
us recall that the quadratic variation of a square-integrable martingale M is the unique
predictable process (M) such that M? — (M) is a martingale.

Theorem 8.4. Let us conszder a predictable process G(s, h) satisfying . Then
the process M = fo fE N(ds,dh),t < T) is a square-integrable martingale with
quadratic variation

(M>t:/0t/EG2(s,h)u(dh)ds.

If (8.2)) is satisfied but not . the definition of M comes from a L>- hmltlng argument,
as for the usual stochastic integrals. In this case the quantity fo J5 G(s,h)N(ds,dh) isn’t
always well defined and we are obliged to compensate.
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Example: Let o € (0,2). A symmetric a-stable process S can be written

St / /h1{0<|h|<1}N dS dh / /hl{h|>1}N dS dh) (8.3)

where N (ds,dh) is a Poisson point measure with intensity p(dh)ds = | h Tirzdhds. There
is defined as

is an accumulation of small jumps and the first term in the r.h.s. of (8.

a compensated martingale. The second term corresponds to the big jumps7 which are in
finite number on any finite time interval.

If a € (1,2), then [ hAh?u(dh) < oo and the process is integrable. If a € (0,1), we only
have that [ 1 A h%u(dh) < oo and the integrability of the process can fail.

Let us now consider a stochastic differential equation driven both by a Brownian term
and a Poisson point measure. We consider a random variable Xy, a Brownian motion
B and a Poisson point measure N (ds,dh) on Ry x R with intensity pu(dh)ds. Let us fix
some measurable functions b and o on R and G(z, h) and K(x,h) on R x R.

We consider a process X € D(Ry,R) such that for any ¢t > 0,

t ¢
X = Xo+/ b(Xs)ds—l—/ o(Xs)dBs
0 0

+ /O t /R G(X,_, h)N(ds, dh) + /O t /R K(Xo_, )N (ds,dh). (3.4)

To give a sense to the equation, one expects that for any 7" > 0,

E (/OT/R|G(XS,h)m(dh)ds> <400; E </OT/RK2(XS,h)u(dh)ds> < 400.

We refer to [23] Chapter IV-9 for general existence and uniqueness assumptions (gener-
alizing the Lipschitz continuity assumptions asked in the case without jump).

Let us assume that a solution of exists. The process X is a left-limited and right-
continuous semimartingale. A standard question is to ask when the process f(X;) is a
semimartingale and to know its Doob-Meyer decomposition. For a smooth function f,
there is an [t6’s formula generalizing the usual one stated for continuous semimartingales.

Recall (cf. Dellacherie-Meyer VIII-25 [13]) that for a function a(t) with bounded variation,
the change of variable formula gives that for a C'-function f,

fla®) = f(a©)+ [ f'(a(s))dal(s) + D (f(a(s) = fla(s™) = Aa(s)f (a(s7)).

(0.4] 0<s<t

We wish to replace a by a semimartingale. We have to add smoothness to f and we will
get two additional terms in the formula because of the two martingale terms. As in the
continuous case, we assume that the function f is C?.
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Theorem 8.5. (see [23] Theorem 5.1 in Chapter II). Let f a C*-function. Then f(X)
is a semimartingale and for any t,

FO0) = 150+ [ PO s+ [P )e(XaB+ 5 [ (e
i /O /IR (F(Xom + G(Xo_yh)) = F(X,-))N(ds, dh)
i /O /R (F(Xom + K(Xoosh)) = F(Xo-))N (ds, db)

«f t [ 0+ KO = F06) = KX (X)) pldt)ds. (85
0 R

Corollary 8.6. Under suitable integrability and regularity conditions on b, o, G, K and

w, the process X is a Markov process with extended generator: for any C?-function f, for
z € R,

Lia) = ba)f(@)+ 5@ F @)+ [

> (£ + Glo,h)) = () p(dh)
R

+ [ o+ Ko = @) = Ko b)f (@) lah). (5.6)
Example: let us study the case where

t t
X, = X, +/ b(Xs)ds+/ o(X,)dB, + S,
0 0

where S is the stable process introduced in (8.3). Let us consider a C?-function f. Then
f(X) is a semimartingale and writes

t 1 t
FOX) = 1K) + Mo+ [ FOBXds + 5 [ 17X )0 (X )ds
0 0
t
+/0 /R(f(XS +hlgps1y) — f(Xs))WLadhdS
t 1
[ GO R e = X0 = e (X)) s

’h‘l—i—a
t t
= f(Xo) + M, —i—/o f(Xs)b(Xs)ds + ;/0 f”(XS)a2(XS)ds

t / 1
" /0 /]R (f(Xs— +h) = f(Xso) = By [ (Xs-)) 1rg dhds,

|h|1+o¢

where M is a martingale.
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Let us come back to the general case and apply Ité’s formula (8.7) to f(x) = z%:

t t t
X2 =X2+ / 2X b(Xs)ds + / 2X, 0(Xs_)dBs + / 0?(X,)ds
0 0 0

t 2
+/0 /R(zXS_G(XS_,h)+(G(Xs_,h)) YN (ds, dh)
e
+/0 /R(zXS_K(XS_,h)+(K(XS_,h)) YN (ds,dh)

¢ 2
+ /0 /R (K(X,_, b))’ u(dh)ds. (8.7)

In the other hand, since
Xy = Xo+ My + Ay,

where M is square-integrable and A has finite variation, then
¢
X? = X2+ Ny + / 2X,_dAg+ (M)y.
0

Doob-Meyer’s decomposition allows us to identify the martingale parts and the finite
variation parts in the two previous decompositions and therefore

= t0'2 S t 2 2 S
o = [ Pgdst [ [ (@) + KA )(an)ds

References

[1] D. Aldous. Stopping times and tightness. Ann. Probab. 6, 335-340, 1978.

[2] L. J. S. Allen. An introduction to stochastic processes with applications to biology.
CRC Press, Boca Raton, FL, second edition, 2011.

[3] W. J. Anderson. Continuous-time Markov chains. Springer Series in Statistics:
Probability and its Applications. Springer-Verlag, New York, 1991. An applications-
oriented approach.

[4] V. Bansaye, S. Méléard, M. Richard. How do birth and death processes come down
from infinity? Preprint avialable via hitp://arziv.org/abs/1310.7402, 2014.

[5] B. Bolker, S.W. Pacala. Using moment equations to understand stochastically driven
spatial pattern formation in ecological systems. Theor. Pop. Biol. 52, 179-197, 1997.

[6] B. Bolker, S.W. Pacala. Spatial moment equations for plant competition: Under-
standing spatial strategies and the advantages of short dispersal. Am. Nat. 153,
575-602, 1999.

[7] P. Cattiaux and S. Méléard. Competitive or weak cooperative stochastic Lotka-
Volterra systems conditioned on non-extinction. J. Math. Biology 6, 797-829, 2010.

[8] P. Cattiaux, P. Collet, A. Lambert, S. Martinez, S. Méléard, and J. San Martin.
Quasi-stationary distributions and diffusion models in population dynamics. Ann.
Probab., 37(5):1926-1969, 2009.

55



[9]

[10]

[11]

[12]

[14]

[15]

[16]

[17]

[20]

[21]

[22]

N. Champagnat, R. Ferriere and S. Méléard : Unifying evolutionary dynamics: From
individual stochastic processes to macroscopic models. Theor. Pop. Biol. 69, 297-
321, 2006.

Champagnat, N.: A microscopic interpretation for adaptive dynamics trait substi-
tution sequence models. Stochastic Process. Appl. 116 (2006), no. 8, 1127-1160 .

N. Champagnat and S. Méléard. Invasion and adaptive evolution for individual-based
spatially structured populations. Journal of Mathematical Biology 55, 147-188, 2007.

N. Champagnat and D. Villemonais Exponential convergence to quasi-stationary
distribution and Q-process. Probability Theory and Related Fields 164(1), 243-283,
2016.

C. Dellacherie and P.A. Meyer. Probabilités et potentiel - Théorie des martingales.
Hermann, 1985.

Dieckmann, U., Law, R.: The dynamical theory of coevolution: A derivation from
stochastic ecological processes. J. Math. Biol. 34, 579-612 (1996).

P. Donnelly. Weak convergence to a Markov chain with an entrance boundary:
ancestral processes in population genetics. Ann. Probab., 19(3):1102-1117, 1991.

A. Etheridge : Survival and extinction in a locally regulated population. Ann. Appl.
Probab. 14, 188-214, 2004.

S. N. Ethier and T. G. Kurtz. Markov processes: characterization and convergence.
Wiley, 1986.

J. Feng and T. G. Kurtz. Large deviations for stochastic processes. Mathematical
Surveys and Monographs, 131. American Mathematical Society, Providence, 2006.

N. Fournier and S. Méléard. A microscopic probabilistic description of a locally
regulated population and macroscopic approximations. Ann. Appl. Probab. 14, 1880—
1919 (2004).

Freidlin, M.I., Wentzel, A.D.: Random Perturbations of Dynamical Systems.
Springer-Verlag, Berlin, (1984).

A. Grimvall. On the convergence of sequences of branching processes. Ann. Proba-
bility, 2:1027-1045, 1974.

J. Hofbauer and K. Sigmund. FEvolutionary Games and Population Dynamics. Cam-
bridge Univ. Press (2002).

N. Ikeda and S. Watanabe. Stochastic differential equations and diffusion processes,
2nd ed. North-Holland, 1989.

J. Jacod and A.N. Shiryaev Limit Theorems for Stochastic Processes. Springer, 1987.

A. Joffe and M. Métivier. Weak convergence of sequences of semimartingales with
applications to multitype branching processes. Adv. Appl. Probab. 18, 20-65, 2012.

56



[26]

[27]

[28]

[29]

B. Jourdain, S. Méléard ad W. Woyczynsky. Lévy flights in evolutionary ecology. J.
Math. Biol. 65, 677-707, 1986.

I. Karatzas and S.E. Shreve. Brownian Motion and Stochastic Calculus, 2nd ed.
Springer, 1998.

S. Karlin and J. L. McGregor. The differential equations of birth-and-death pro-
cesses, and the Stieltjes moment problem. Trans. Amer. Math. Soc., 85:489-546,
1957.

S. Karlin and H. M. Taylor. A first course in stochastic processes. Academic Press
[A subsidiary of Harcourt Brace Jovanovich, Publishers], New York-London, second
edition, 1975.

E. Kisdi. Evolutionary branching under asymmetric competition. J. Theor. Biol.
197, 149-162, 1999.

T. G. Kurtz. Diffusion approximations for branching processes. In Branching pro-
cesses (Conf., Saint Hippolyte, Que., 1976), volume 5 of Adv. Probab. Related Topics,
pages 269-292. Dekker, New York, 1978.

A. Lambert. The branching process with logistic growth. Ann. Appl. Probab., 15
no.2, 150-1535, 2005.

A. Lambert. Population dynamics and random genealogies. Stoch. Models, 24 (suppl.
1), 45-163, 2008.

R. Law, D. J. Murrell and U. Dieckmann. Population growth in space and time:
Spatial logistic equations. Ecology 84, 252-262, 2003.

S. Martinez, J. San Martin, and D. Villemonais. Existence and uniqueness of a
quasi-stationary distribution for Markov processes with fast return from infinity. J.
Appl. Probab., 51(3), 756-768, 2014.

S. Méléard and S. Roelly. Sur les convergences étroite ou vague de processus a valeurs
mesures. C. R. Acad. Sci. Paris Sér. I Math. 317, 785-788, 1993.

J.A.J. Metz, R.M. Nisbet and S.A.H. Geritz. How should we define fitness for general
ecological scenarios. Trends Ecol. Evol. 7, 198-202, 1992.

J.A.J. Metz, S.A.H. Geritz, G. Meszeena, F.A.J. Jacobs, J. S. van Heerwaarden.
Adaptive Dynamics, a geometrical study of the consequences of nearly faithful repro-
duction. Pages 183-231 in Stochastic and Spatial Structures of Dynamical Systems
(S.J. van Strien, S.M. Verduyn Lunel, editors). North Holland, Amsterdam, 1996.

S. Roelly-Coppoletta. A criterion of convergence of measure-valued processes: appli-
cation to measure branching processes. Stoch. Stoch. Rep. 17, 43-65, 1986.

E. A. van Doorn. Quasi-stationary distributions and convergence to quasi-
stationarity of birth-death processes. Adv. in Appl. Probab., 23(4):683-700, 1991.

57



	Introduction
	Birth and Death Processes
	Definition and non-explosion criterion
	Kolmogorov equations and invariant measure
	Two trajectorial representations of birth and death processes
	Extinction criterion 
	Extinction time
	Coming down from infinity
	Quasi-stationary distributions
	Some coupling properties of birth and death processes
	First properties of quasi-stationary distributions
	Exponential convergence in total variation to the quasi-stationary distribution


	Scaling Limits for Birth and Death Processes
	Deterministic approximation - Malthusian and logistic Equations 
	Lotka Volterra models

	Population Point Measure Processes
	Pathwise construction
	Examples and simulations
	Martingale Properties

	Scaling limits for the individual-based process
	Limit of rare mutations - Convergence to the trait substation sequence
	Canonical equation of the adaptive dynamics 
	Appendix : Poisson point measures

